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' Abstract 
CN ■ 

> : 

. Two-body charmless nonleptonic decays of By^ and mesons are studied within the framework 

. of generaUzed factorization in which the effective Wilson coefficients c| are renormalization-scale 

. and -scheme independent while factorization is applied to the tree-level hadronic matrix elements. 

. Contrary to previous studies, our do not suffer from gauge and infrared problems. Nonfac- 

, torizable effects are parametrized in terms of N^^{LL) and N^^{LR), the effective numbers of 

colors arising from {V — A){V — A) and {V — A){V + A) four-quark operators, respectively. Tree 
, and penguin transitions are classified into six different classes. The data of B~ and 

D \ B 4>K~ clearly indicate that Nf^{LR) / N^^{LL): The first measurement of the b ^ u 

"T^ ' mode B~ and the experimental information on the tree-dominated mode B wvr 

> an imply that iVf (LL) is less than 3, whereas the CLEO measurement of 5" ^ cpR- shows 

> 3. For given input parameters, the prediction of B{B Vi' K) is largely improved 
' by setting N^^{LL) ~ 2 and N^^{LR) > N^^{LL); in particular, the charm content of the r/' 

contributes in the right direction. The decay rate of i? ^ (pK* is very sensitive to the form-factor 
ratio ^42/^1; the absence of -B — > (pK events does not necessarily invalidate the factorization ap- 
proach. If the branching ratio of B~ — > ujK~ is experimentally found to be significantly larger 
than that of B^ p^K^ , we argue that inelastic final-state rescattering may account for the 
disparity between ujK~ and p^K~ . By contrast, if B{B~ — > p^K~) ~ B{B^ ujK~) is observed, 
then VF-annihilation and/or spacelike penguins could play a prominent role. The decay modes 
(pTT^, (prj, (pT]' , (pp^, cpuj, B~ (pT^~ : (pP~ iuvolviug a vector meson (p are dominated by elec- 
troweak penguins. We show that a unitarity angle 7 larger than 90° is helpful for explaining the 
TT~^TT~ , ttK and r]'K data. The relative magnitudes of tree, QCD penguin and electroweak penguin 
amplitudes are tabulated for all charmless B — > PP, VP, VV decays. Our favored predictions for 
branching ratios are those for N^^{LL) « 2 and N^^{LR) ~ 5. 
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I. INTRODUCTION 



The study of exclusive nonleptonic weak decays of B mesons is of great interest for 
several reasons: many of rare hadronic B decay modes are dominated by the gluonic penguin 
mechanism and large direct CP asymmetries are expected in many charged B decays. Hence 
the analysis and measurement of charmless hadronic B decays will enable us to understand 
the QCD and electroweak penguin effects in the Standard Model (SM) and provide a powerful 
tool of seeing physics beyond the SM. The sizable direct CP violation expected in exclusive 
rare decay modes of B mesons will allow the determination of the Cabibbo-Kobayashi- 
Maskawa (CKM) unitarity angles. 

In past years we have witnessed remarkable progress in the study of exclusive charmless 
B decays. Experimentally, CLEO [1] has discovered many new two-body decay modes 

B ^ r)'K^, r]'K\ t:^K\ tt^K^, 7r°X±, p°7r±, cuK^, (1.1) 

and found a possible evidence for B — > (pK*. Moreover, CLEO has provided new improved 
upper limits for many other decay modes. While all the channels that have been measured 
so far are penguin dominated, the most recently observed p^7r~ mode is dominated by the 
tree diagram. In the meantime, updates and new results of many B — > PV decays with 
P = 1], T]', n, K and V = uj^(j), p, K* as well as S — > PP decays will be available soon. With 
the B factories Babar and Belle starting to collect data, many exciting and harvest years in 
the arena of B physics and CP violation are expected to come. 

Some of the CLEO data are surprising from the theoretical point of view: The measured 
branching ratios for B^ — > r]' and B^ — > ujK^ are about several times larger than the 
naive theoretical estimate. Since then the theoretical interest in hadronic charmless B decays 
is surged and recent literature is rife with all kinds of interesting interpretations of data, both 
within and beyond the SM. 

An earlier systematic study of exclusive nonleptonic two-body decays of B mesons was 
made in [2]. Two different approaches were employed in this reference: the effective Hamilto- 
nian approach in conjunction with the factorization hypothesis for hadronic matrix elements 
and a model-independent analysis based on the quark-diagram approach developed by Chau 
and one of us (H.Y.C.) [3]. Many significant improvements and developments have been 
achieved over past years. For example, a next-to-leading order effective Hamiltonian for 
current-current operators and QCD as well as electroweak penguin operators becomes avail- 
able. The renormalization scheme and scale problems with the factorization approach for 
matrix elements can be circumvented by employing scale- and scheme-independent effective 
Wilson coefficients. Heavy-to-light form factors have been computed using QCD sum rules, 
lattice QCD and potential models. A great interest in the flavor-SU(3) quark diagram ap- 
proach was also revived in recent years. In particular, this method has been widely utilized 
as a model-independent extraction of the CKM unitary triangle. 

We will present in this paper an updated and vigorous analysis of hadronic two-body 
charmless decays of S„ and B^ mesons (for Bg mesons, see [4]). We will pay special at- 
tention to two important issues: the gauge and infrared problems with the effective Wilson 
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coefficients, and the nonfactorized effect characterized by the parameter Nf^, the effective 
number of colors. 

One of the principal difficulties with naive factorization is that the hadronic matrix el- 
ement under the factorization approximation is renormalization scale /i independent as the 
vector or axial-vector current is partially conserved. Consequently, the amplitude Q(/i)(0)fact 
is not physical as the scale dependence of Wilson coefficients does not get compensation from 
the matrix elements. A plausible solution to the problem is to extract the /i dependence 
from the matrix element {0{fj,)), and then combine it with the /x-dependent Wilson coef- 
ficients to form scale- and scheme-independent effective coefficients c^^. The factorization 
approximation is applied afterwards to the hadronic matrix element of the operator O at the 
tree level. However, it was pointed out recently in [5] that c^^ suffer from gauge and infrared 
ambiguities since an off- shell external quark momentum, which is usually chosen to regulate 
the infrared divergence occurred in the radiative corrections to the local 4-quark operators, 
will introduce a gauge dependence. 

A closely related problem is connected to the generalized factorization approach in which 
the nonfactorized contribution to the matrix element in B ^ PP, VP decays is lumped into 
the effective number of colors N^^, called 1/^ in [6]. The deviation of from 1/Nc 

measures the nonfactorizable effect. The unknown parameter N^^ is usually assumed to be 
universal (i.e., channel independent) within the framework of generalized factorization and 
it can be extracted from experiment. However, as stressed by Buras and Silvestrini [5], if cf^ 
are gauge and infrared regulator dependent, then the values of Nf^ extracted from the data 
on two-body hadronic decays are also gauge dependent and therefore they cannot have any 
physical meaning. Recently, this controversy on gauge dependence and infrared singularity 
connected with the effective Wilson coefficients is resolved by Li and two of us (H.Y.C. 
and K.C.Y.) [7]: Gauge invariance of the decay amplitude is maintained under radiative 
corrections by assuming on-shell external quarks. The infrared pole emerged in a physical 
on-shell scheme signifies the nonperturbative dynamics involved in a decay process and has 
to be absorbed into a universal hadron wave function. As a consequence, it is possible 
to construct the effective Wilson coefficients which are not only renormalization scale- and 
scheme-independent but also gauge invariant and infrared finite. 

For penguin-dominated rare B decays, there is another subtle issue for the effective 
parameter A^'^''^. As shown in [8], nonfactorizable effects in the matrix elements of {V—A){V+ 
A) operators are a priori different from that of (V — A)(y ~ A) operators, i.e. N^^{LR) ^ 
N^^{LL). We will demonstrate in the present work that the most recently measured B^ — >■ 
p°7r^ decay together with the experimental information on the tree-dominated modes B~ — > 
u;7r~ clearly imply Nf^{LL) < 3, while the CLEO measurement of B~ (t)K'~ indicates 
Nf{LR) > 3. Contrary to the previous studies, we show that the experimental data of 
p^n"^ and (pK"^ cannot be accommodated simultaneously by treating Nf^{LL) — Nf^{LR). 
This observation is very crucial for improving the discrepancy between theory and experiment 
for B rj'K decays. 

This paper is organized as follows. In Sec. II we discuss the gauge and infrared prob- 
lems connected with the effective Wilson coefficients and their solution. Input parameters 
necessary for calculations such as quark mixing matrix elements, running quark masses. 
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decay constants, hcavy-to-light form factors are summarized in Sec. III. In Sec. IV we 
classify the factorized decay amplitudes into six different classes. Results for branching ra- 
tios and their implications are discussed in details in Sec. V with special attention paid 
to -B — » pn,uj'iT,(f)K,(j)K*,r]'K, Kit modes; in particular, all possible sources of theoretical 
uncertainties are summarized in Sec. V.G. The role of final-state interactions played in 
charmless B decays is elaborated on in Sec. VI. For reader's convenience, we compare our 
results with the literature in Sec. VII. Sec. VIII is for the conclusion. Factorized amplitudes 
for all charmless B — > PP, VP, VV decays are tabulated in the Appendix. 

II. FRAMEWORK 

The effective Hamiltonian is the standard starting point for describing the nonleptonic 
weak decays of hadrons. The relevant effective AB = 1 weak Hamiltonian for hadronic 
charmless B decays is 

HM^B = 1) = ^|K5v;;h(/^)or(/i) + c2(/x)o«(/x)] + KbV;;[ci(/x)oj(/x) + cMo^,{^i) 

10 >| 

-W,Eci(/^)0,(/i) +h.c., (2.1) 

i=3 J 

where q — d,s, and 

01 = {cb)^_^{qc)^_^, 01 = {cJ)fi)^_^{q(iCa)y_^, 

03(5) = Y.^^'^)v-a{v+a)^ ^4(6) = {qahp)y_j, J2Wa)v-A{v+A)^ (2-2) 

q' q' 

3 3 

^7(9) = l2^iQb)v-AY.^<l'i^^)v+AW-A)^ C>8(10) = l^{Qah0)y_j,Y.^<l'Wa)v+AW-A)^ 

q> q> 

with 0^-Oq being the QCD penguin operators, O7-O10 the electroweak penguin operators 
and {qiq2)v±A = i 75)92- In order to ensure the renormalization-scale and -scheme 

independence for the physical amplitude, the matrix elements of 4-quark operators have 
to be evaluated in the same renormahzation scheme as that for Wilson coefficients and 
renormalized at the same scale 

Although the hadronic matrix element can be directly calculated in the lattice 

framework, it is conventionally evaluated under the factorization hypothesis so that {0{^)) 
is factorized into the product of two matrix elements of single currents, governed by decay 
constants and form factors. In spite of its tremendous simplicity, the naive factorization 
approach encounters two major difficulties. One of them is that the hadronic matrix cle- 
ment under factorization is renormahzation scale independent as the vector or axial- vector 
current is partially conserved. Consequently, the amplitude Ci(/i)(0)fact is not truly physical 
as the scale dependence of Wilson coefficients does not get compensation from the matrix 
elements. 
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A plausible solution to the aforementioned scale problem is to extract the /i dependence 
from the matrix element (O (//)). and combine it with the /i-dependent Wilson coefficient 
functions to form /^-independent effective coefficients. Schematically, we may write 

C(/X)(C'(/X)) = c(//)5(/x)(0)tree = C^''(0)tree. (2-3) 

The factorization approximation is applied afterwards to the hadronic matrix element of the 
operator O at the tree level. Since the tree-level matrix element (O)tree is renormalization 
scheme and scale independent, so are the effective Wilson coefficients cf^. However, the 
problem is that we do not know how to carry out first- principles calculations of {0{^)) and 
hence g{^j). It is natural to ask the question: Can (yf(/i) be evaluated at the quark level in 
the same way as the Wilson coefficient c(yu) ? One of the salient features of the operator 
product expansion (OPE) is that the determination of the short-distance c(/i) is independent 
of the choice of external states. Consequently, we can choose quarks as external states in 
order to extract c(/i). For simplicity, we consider a single multiplicatively renormalizable 
4-quark operator O (say, 0+ or 0_) and assume massless quarks. The QCD-corrected weak 
amplitude induced by O in full theory is 




7 ,^M^ 



{0}„ (2.4) 



where 7 is an anomalous dimension, p is an off-shell momentum of the external quark lines, 
which is introduced as an infrared cutoff, and the non-logarithmic constant term a in general 
depends on the gauge chosen for the gluon propagator. The subscript q in (2.4) emphasizes 
the fact that the matrix element is evaluated between external quark states. In effective 
theory, the renormalized (0(/i))g is related to {0)q in full theory via 

.2 




^ +r 



2 -p2 

= ^V,-P',A)(0)„ (2.5) 



where g' indicates the perturbative corrections to the 4-quark operator renormalized at the 
scale /X. The constant term r is in general renormalization scheme and gauge dependent, 
and it has the general expression [5] : 

r = r™«^ + Ar\ (2.6) 

where NDR and HV stand for the naive dimension regularization and 't Hooft-Veltman 
renormalization schemes, respectively, and A is a gauge parameter with A = corresponding 
to Landau gauge. Matching the effective theory with full theory, A^^w — A^^ — c{ii){0{ii))g, 
leads to 

where d — a — r. Evidently, the Wilson coefficient is independent of the infrared cutoff and 
it is gauge invariant as the gauge dependence is compensated between a and r. Of course, 
c(/x) is still renormalization scheme and scale dependent. 
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Since Aes in full theory [Eq. (2.4)] is // and scheme independent, it is obvious that 

c'^^ = c{fi)g'{fi, -p\ A) (2.8) 

is also independent of the choice of the renormalization scheme and scale. Unfortunately, c'^^ 
is subject to the ambiguities of the infrared cutoff and gauge dependence. As stressed in [5], 
the gauge and infrared dependence always appears as long as the matrix elements of operators 
are calculated between quark states. By contrast, the effective coefficient c^^ — c{ij)g{ij) 
should not suffer from these problems. 

It was recently shown in [7] that the above-mentioned problems on gauge dependence 
and infrared singularity connected with the effective Wilson coefficients can be resolved by 
perturbative QCD (PQCD) factorization theorem. In this formalism, partons, i.e., external 
quarks, are assumed to be on shell, and both ultraviolet and infrared divergences in radiative 
corrections are isolated using the dimensional regularization. Because external quarks are on 
shell, gauge invariance of the decay amplitude is maintained under radiative corrections to all 
orders. This statement is confirmed by an explicit one-loop calculation in [7] . The obtained 
ultraviolet poles are subtracted in a renormalization scheme, while the infrared poles are 
absorbed into universal nonperturbative bound-state wave functions. The remaining finite 
piece is grouped into a hard decay subamplitude. The decay rate is then factorized into the 
convolution of the hard subamplitude with the bound-state wave functions, both of which 
are well-defined and gauge invariant. Explicitly, the effective Wilson coefficient has the 
expression 

c'^ = c{^x)g^{^x)g2{^Xf) , (2.9) 

where gi{ii)g2{iJ>f) is identified as the factor g{ii) defined in Eq. (2.3). In above equation 
gi{^) is an evolution factor from the scale n to m^, whose anomalous dimension is the same 
as that of c{fi), and g2ifJ'f ) describes the evolution from to fif {fif being a factorization 
scale arising from the dimensional regularization of infrared divergences), whose anomalous 
dimension differs from that of c(/i) because of the inclusion of the dynamics associated 
with spectator quarks. The infrared pole emerged in the physical on-shell scheme signifies 
the nonperturbative dynamics involved in a decay process and it has to be absorbed into 
the universal meson wave functions.* Hence, in the PQCD formahsm the effective Wilson 
coefficients are gauge invariant, infrared finite, scheme and scale independent. 

In the above framework, (O)tree is related to the meson wave function 0(/i/) (see [7] 
for detail). For our purposes of applying factorization, we will set /if — mi, to compute 



*For inclusive processes, the infrared divergence due to radiative corrections is compensated 
by gluon bremsstrahlung, leading to a well-defined and finite correction. However, for exclu- 
sive hadronic decay processes the loop-induced infrared divergence is not canceled by gluon 
bremsstrahlung in the quark — ^ three quarks decay process. In fact, the bremsstrahlung contribu- 
tion is irrelevant to the hadronic matrix elements for exclusive decays. In the present framework 
of perturbative QCD factorization theorem, the infrared pole is absorbed by bound-state wave 
functions rather than canceled by the bremsstrahlung process. 
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c and then evaluate the tree level hadronic matrix element (O)tree using the factorization 
approximation. It is straightforward to calculate gi{n) from the vertex correction diagrams 
(sec Fig. 1) and penguin-type diagrams for the 4-quark operators Oi {i = 1,---,10). In 
general, 



q;s(/^) ^ , . a ^ 



tree) 



(2.10) 



where the one-loop QCD and electroweak corrections to matrix elements are parametrized 
by the matrices and rrig, respectively. Hence, 



^eff 



(2.11) 



where the superscript T denotes a transpose of the matrix. Following the notation of [9,10], 
we obtain^ 



„eff 



<-2 



„efr 



„efr 



„efr 



^eff 



.eff 



^eff 



„eff 



.eff 
-10 



/i/=m(, 



IJ.f=mi, 



tJ.j=mi 



fMf=mi, 



IJ.f=mb 



ci(/^) + ^(7 



An 



+ ^ (7^°^^ In ^ + A Q(/.) -^iC, + C, + C,), 

+ ^ (7^°^^ In ^ + A q(/.) + ^{a + c, + c,\ 



(2.12) 



tUnlite [9,10], we have included vertex corrections to the electroweak coefHcients C7 — cio . It also 
seems to us that a constant term | is missed in [9,10] in the coefficient G{mi) in front of (04 -|- cq) 
in Cp [see Eq. (2.13)]. 
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where the matrices 7*^*^^ as well as f arise from the vertex corrections to the operators Oi — Oio 
(see Fig. 1), Ct, Cp, Cg and Cg from the QCD penguin-type diagrams of the operators O12, 
the QCD penguin-type diagrams of the operators O3 — Og, the electroweak penguin-type 
diagram of Oi,2, and tree- level diagram of the dipole operator Og, respectively: 

Cp = [G{mg) + G{mb)]c3 + ^ G{mi){c4 + cq), 
2 

G{mq) ^ -K-G{mq,k,ii), (2-13) 

with Ag/ = Vq'bV*,g, and k being a parameter characterizing the 75 scheme dependence in 
dimensional regularization, for example, 

P NDR, 

lo HV. ^ ^ 

The function G(m, A;, /i) in Eq. (2.13) is given by 

G{m, k, 11) = -4 dx x{l - x) In - -'i^ - ^) \ ^ ^2.15) 



where k'^ is the momentum squared carried by the virtual gluon. For /c^ > 4m^, its analytic 
expression is given by 



R^G= o -ln-T + o+4^-(l + 2^)Jl-4— In ^ 



3 //^ 3 k'^ /c^ V /c^ 1 _ ^1 _ 4^ y ' 



It should be remarked that although the penguin coefficients C3 — Cio are governed by the 
penguin diagrams with t quark exchange, the effective Wilson coefficients do incorporate the 
perturbative effects of the penguin diagrams with internal u and c quarks induced by the 
current-current operator Oi. 

The matrix f in (2.12) gives momentum-independent constant terms which depend on 
the treatment of 75 in dimensional regularization. To compute the anomalous dimension 
7*^'^) and the matrix r, we work in the on-shcll (massless) fermion scheme and assume zero 
momentum transfer squared between color-singlet currents, i.e. {pi — p^)'^ = for Oodd 
operators and {pi — p4^)^ = for Ocvcn operators as required by the light final bound state, 
for which the transferred energy squared is equal to the mass squared of the bound state and 
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(e) (f) 



FIG. 1. Vertex corrections to the 4-quark operators Oi — Oiq. 

hence is neghgible. Then energy conservation impHes that {pi +^2)^ = —{—P2 +^3)^ for the 
case of massless external fermions if (pi — ps)^ = 0. However, the b quark mass cannot be 
ignored in the b decay processes. Therefore, we should have (pi +^2)^ + (— P2 +^3)^ = "t.^ 
for charmless B decays. Considering the possible spectator quark effects, the reasonable 
kinematic range for (pi + P2)^ and (— P2 + Pa)^ lies in the region between ml/2 and mf. 
Here we choose (pi + P2)^ ~ {^P2 + Pa)^ ~ itt-I fo^ Oodd operators and (pi — P4)^ = 0, 
(pi +^2)^ ~ {—P2 + PiY ~ ^ife ^OT Ocvcn operators (see Fig. 1 for notation). The results are 
insensitive to the kinematics of the Mandelstam variables. 

We obtain the logarithmic term ln(m6//x) in Eq. (2.12) with the anomalous dimension 
[9,11] 
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(2.17) 



and the matrix f 
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(2.18) 



(2.19) 



A) operators 0\ — Oa. 0~ 



4, *-^9) 



in the HV scheme. It is interesting to note that the iy — A)iy 
Oio have the same 7^°^ and r matrix elements and hkewise for {V — A){y ■\- A) operators 
O5 - Og. 

Prom Eq. (2.12) it is clear that the effective Wilson coefficients depend on CKM matrix 
matrix elements and the gluon's momentum fc^. Using the next-to-leading order (NLO) 
Ai? = 1 Wilson coefficients obtained in the HV and NDR schemes oX [i — mb{mi,), = 225 
McV and rrit = 170 GeV in Table 22 of [11], wc obtain the numerical values of effective 
renormalization-scheme and -scale independent, gauge invariant Wilson coefficients c^^ for 
b ^ s, b ^ d and b ^ d transitions (see Table I), where uses have been made of the 
Wolfenstein parameters p — 0.175 and rj — 0.370 (see Sec. III. A) and the quark masses 
given in Eq. (3.4). Note that effective Wilson coefficients for 6 — > s transition are the same 
as that for 6 — > s to the accuracy considered in Table I. We see that cf^ — —0.365 is quite 
different from the NLO Wilson coefficients: ^^^(mt) = -0.185 and cf^{mb) = -0.228 [11], 
but close to the lowest order value C2 °'(m(,) = —0.308 [11]. 

Several remarks are in order, (i) There exist infrared double poles, i.e., 1/efj^, in some of 
the amplitudes in Fig. 1, but they are canceled out when summing over all the amplitudes, 
(ii) Care must be taken when applying the projection method to reduce the tensor products 
of Dirac matrices to the form F (g) F with F = 7^(1 — 75). As shown in [7], sometimes 
it is erroneous to apply the projection method without taking into account the effect of 
evanescent operators, (iii) When quarks are on their mass shell, it is straightforward to 
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TABLE I. Numerical values of the effective Wilson coefficients c| for 6 ^ s, 6 — d and 
b ^ d transitions evaluated at = rub and k'^ = ml/ 2, where use of the Wolfenstein parameters 
p = 0.175 and r] = 0.370 has been made. 





n V c /> V c 

(y Oj (/ ' 


h ^ d 


h —y d 


•-1 


± . J.UO 


1 . J-UO 


J. . ±uo 


„efT 
^2 


u.ouo 


u.ouo 


—0 
u.ouo 


„efr 
^3 




0994 -L ,'0 00^^ 
yj.yjzi^^ tu.uuoo 


0997 -1- ?0 001^9 
yj.yj^^i tu.uuozi 


04 


—0 0458 — ?0 OlSfi 


— n 0454 — i(] 01 1 5 


— n 04fi4 — ?0 0155 




0.0133 + i0.0045 


0.0131 +i0.0038 


0.0135 + i0.0052 


„eff 
^6 


-0.0480 - i0.0136 


-0.0475 - i0.0115 


-0.0485 - i0.0155 


cf /a 


-0.0303 - i0.0369 


-0.0294 - i0.0329 


-0.0314 - i0.0406 


cf/a 


0.055 


0.055 


0.055 


cf/a 


-1.427 - zO.0369 


-1.426 -zO.0329 


-1.428 - ?0.0406 


cf^/a 


0.48 


0.48 


0.48 



show that the gauge dependent contributions to Figs. 1(a) and 1(b) are compensated by 
that of Figs. 1(c) and 1(d), while the gauge dependent part of Figs. 1(e) and 1(f) is canceled 
by that of the quark wave function renormalization [7]. (iv) For comparison with (2.18), the 
matrix f obtained in the NDR 75 scheme using off-shell regularization and Landau gauge is 
given by* 
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(2.20) 



The numerical results of cf obtained using (2.20) are similar to that listed in Table I except 
-0.325, cf = -0.0560-i0.0136 and cf. = 0.263q;. We see from Table I that. 



for r^^ ■ 

iUl C2 Q IQ- 



„efr 



contrary to the commonly used value (but not gauge invariant) Re c| ~ 
the literature, the gauge-invariant effective penguin coefficient Rc c\ 



.eS 



-0.060 ~ -0.063 in 

-0.048 does not get 

much enhancement, recalling that Ce{mb) — —0.041 to NLO [11]. (v) To check the scheme 



■I- Our expression for is slightly different from that given in [9] for the matrix elements r^^ to 
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and scale independence of effective Wilson coefficients, say c^l, it is convenient to work in the 
diagonal basis in which the operators 0± = ^(Oi =b O2) do not mix under renormalization. 
The Wilson coefficients in general have the expressions [11]: 



C±()U) 



1 + 



An 



J4 



7f /(2/3o) r 



1 + 



as{mw) 



B 



± 



J±) 



(2.21) 



where c± = Ci ± C2, /3o = 11 — with n/ being the number of flavors between mw and ji 
scales, B± specifies the initial condition of c{mw)'- c{mw) = l + ^^£^5± and it is 75-scheme 
dependent, and J± = '-)'^^ (3i/ {2^^) — 7£^^/(2/9o) with pi = 102 — 38n//3. The anomalous 



dimensions 7^ 



7£'' —27 J are 75-scheme dependent, where 7£-' are the two- loop anomalous 



dimensions of 0± and 77 is the anomalous dimension of the weak current in full theory. (The 
complete expression for 7^^ and 7j in different schemes can be found in [11], for example.) 
As stressed in [12], c(//) do not depend on the external states; any external state can be used 
for their extraction, the only requirement being that the infrared and mass singularities are 
properly regularized. This means that the short-distance Wilson coefficients calculated from 
Eq. (2.21) are independent of the fermion state, on-shell or off-shell. Since B± — J± is scheme 
independent [11,12], the scheme dependence of c±(/x) is solely governed by J±. Using the fact 
that 7^^ are also free of the external-state dependence, we have shown exphcitly in [7] the 
renormalization scheme independence of -|- J± and hence c^. It is also straightforward to 
show that, to the leading logarithmic approximation, the scale dependence of c±(//) arising 
from the as{mw)/(Xs{fJ') term in Eq. (2.21) is compensated by the 7^°^-^ln(m6///) term in 
Eq. (2.12). 



III. INPUT PARAMETERS 

A. Quark mixing matrix 

It is convenient to parametrize the quark mixing matrix in terms of the Wolfenstein 
parameters: A, A, p and 77 [13], 



V 



( 1-|A2 A A\^{p-ir])\ 

-A 1 - |A2 

\AX^{1- p-ir]) -A\^ 1 ) 



+ 0(A^), (3.1) 



where A = 0.2205 is equivalent to sin6'c with dc being the Cabibbo angle. Note that 
this parametrization is an approximation of the exact Chau-Keung parametrization [14] 
of the quark mixing matrix. For the parameter A, we fix it to A = 0.815 corresponding 
to \Vcb\ — 0.0396. As for the parameters p and 77, two different updated analyses [15,16] 
have been performed using the combination of the precise measurement of AM^^, the mass 
difference in the Bd system, the updated limit on AM^, the mass difference in the Bg system, 
and the determination of \Vub\ from charmless semileptonic B decays. The results 

p{l - 13-) = 0.189 ± 0.074 , 77(1 - ^) = 0.354 ± 0.045, (3.2) 
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and 



p = 0.mt'oZ^ V = 0.38lt'oZ (3.3) 

are cited in [15] and [16], respectively; they are obtained by a simultaneous fit to all the 
available data. In either fit, it is clear that + — 0-41 is slightly larger than the 
previous analysis. For our purposes in the present paper we will employ the values p = 0.175 
and 1] = 0.370; they correspond to the unitarity angles: a = 91°, [3 = 24° and 7 = 65°. 
We shall see in Sec. V that some of hadronic rare B decay data will be much more easily 
accounted for if 7 > 90° or p < 0. Therefore, we shall use 7 = 65° as a benchmarked value 
and then discuss the impact of a negative p whenever necessary. 



B. Running quark masses 

We shall see later that running quark masses appear in the matrix elements of {S — 
P) {S + P) penguin operators through the use of equations of motion. The running quark 
mass should be applied at the scale p ~ mj, because the energy released in the energetic 
two-body charmless decays of the B meson is of order m^. Explicitly, we use [17] 

rriuimb) = 3.2 MeV, md{mb) = 6.4 MeV, ms{mb) = 90 MeV, 

mdmb) = 0.95 GeV, mb{mb) = 4.34 GeV, (3.4) 

in ensuing calculation, where ms{mb) — 90 MeV corresponds to = 140 MeV at /i = 1 
GeV. 



C. Decay constants 

For the decay constants we use = 132 MeV, fx = 160 MeV, fp = 216 MeV, fx* = 221 
MeV, — 195 MeV and = 237 MeV. To determine the decay constants of the rj and 
77' mesons, defined by (01^7^755177^'^) = if^oP/j,, we need to know the wave functions of the 
physical rj' and 77 states which are related to that of the SU(3) singlet state 770 and octet 
state 778 by 

77' = 778 sin ^ + 770 cos ^, 7/ = 778 cos ^ — 770 sin ^. (3.5) 

When the 77 — 77' mixing angle is —19.5°, the expressions of the 77' and 77 wave functions 
become very simple [2]: 

/I--- 1--- 
\r]') = —^\uu + dd + 2ss) , \r]) = —^\uu + dd — ss), (3.6) 

V6 v3 



recaUing that 



\r]o) = —^\uu + dd + ss) , \r]s) = —i=\uu + dd — 2ss) . (3-7) 
v3 v6 
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At this specific mixing angle, f^, — |/^/ in the SU(3) hmit. Introducing the decay constants 
fs and /o by 



(3.8) 



and noting that due to SU(3) breaking the matrix elements {0\A"J;-^>\7]s{o)) do not vanish in 
general and they will induce a two-angle mixing among the decay constants: 



Likewise, for the 77 meson 

fs p. fo 



cos 6^0, f^> 



-2-^ sin 6*8 + cos 6*0- 
V6 v3 



(3.9) 



(3.10) 



It must be accentuated that the two-mixing angle formalism proposed in [18,19] applies to 
the decay constants of the 77' and 77 rather than to their wave functions. Based on the ansatz 
that the decay constants in the quark flavor basis follow the pattern of particle state mixing, 
relations between ^^g, and 9 are derived in [19]. It is found in [19] that phenomenologically 

^8 = -21.2°, ^0 = -9.2°, 9 = -15.4°, (3.11) 

and 

U/U = 1-26, U/U = 1-17. (3.12) 

Numerically, we obtain 

/; = 78MeV, /^' = -112MeV, =63MeV, = 137MeV. (3.13) 

The decay constant /^^,, deflned by (0|c7^75c|77') = if^^/Qfj,, has been determined from 
theoretical calculations [20-23] and from the phenomenological analysis of the data of J/ip ^ 
Vcl, J/'ip ^ v'l and of the rj'-f and 1]''-/ transition form factors [9,19,24-27]; it lies in the range 
-2.0 MeV < f^i < -18.4 MeV. In this paper we use the values 

f^, = -(6.3 ± 0.6) MeV, = -(2.4 ± 0.2) MeV, (3.14) 

as obtained from a phenomenological analysis performed in [19]. 

D. Form factors 



As for form factors, we follow [28] to use the following parametrization: 
(0|^^|P(g)) = tfpq^, {0\V,\Vip,e)) = fvmvs^, 



{Vip',e)\V,\P{p)) 



rrip — rrip, 



2 2 
2\ TTlp/ 



mp + my 



■p 



{V{p',s)\A,\P{p)) = z {mp + mv)e;A,{q^)-- 

L ^ mp + mv 

-2mv "—^ - ^(g')] 



(p + p')/.A(?' 



(3.15) 
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where q^p-p', Fi(0) = Fo(0), ^3(0) = Ao{0), and 



^(g ) = ) ^;;^^^(^ )• (3-16) 

We consider two different form-factor models for lieavy-to-liglit form factors: tlie Bauer- 
Stech-Wirbel (BSW) model [28] and the hght-cone sum rule (LCSR) model [29]. The relevant 
form factors at zero momentum transfer are listed in Table II. 



Table II. Form factors at zero momentum transfer for B — > P and B ^ V transitions evaluated in 

the BSW model [28,6]. The values given in the square brackets arc obtained in the light-cone sum 
rule (LCSR) analysis [29]. We have assumed SU(3) symmetry for the B ^ u form factors in the 
LCSR approach. In realistic calculations wc tiso Eq. (3.19) for B r]^'^ form factors. 



Decay Fi = Fq V Ai A2 A3 = Aq 

B^TT^ 0.333 [0.305] 

B^K 0.379 [0.341] 

B ^r] 0.168 [— ] 

B ^ri' 0.114 [— ] 

B ^ 0.329 [0.338] 0.283 [0.261] 0.283 [0.223] 0.281 [0.372] 

B^i^ 0.232 [0.239] 0.199 [0.185] 0.199 [0.158] 0.198 [0.263] 

B^K* 0.369 [0.458] 0.328 [0.337] 0.331 [0.203] 0.321 [0.470] 



It should be stressed that the form factors for B — > rj^'^ transition calculated by BSW [28] 
did not include the wave function normalization and mixing angles. In the relativistic quark 
model calculation of S — > 77^'^ transition, BSW put in the uu constituent quark mass only. 
That is, the form factors considered by BSW are actually Fq and Fq To compute the 
physical form factors, one has to take into account the wave function normalizations of the 
T] and T]': 

i^(S'= (;JgCos^-i=sin^)<r, (^-L sin ^ + cos ^j^,"-. (3.17) 

Using Fq'^'^^O) = 0.307 and Fo^''"^(0) = 0.254 from BSW [6], we find Fo^''(0) = 0.168 and 
F^^ (0) = 0.114 as shown in Table II. However, as we shall see in Sec. V.D, the form factor 
Fq^ is preferred to be a bit larger in order to accommodate the data of S — > rj'K. Hence, 
we shall assume the nonet symmetry relation V^Fo^^iO) = V^Fo^^iO) = F^'^^iO) to obtain 
Fq'^° , Fq^^ and then relate them to the physical form factors via 

Fo^^ = cos ^Fo^''^ - sin ^Fq^"" , Fq'"''' = sin OF^'^' + cos eFo'''^° . (3.18) 

Numerically, we obtain 

Fo^''(0) = 0.181, i^o^'''(0) = 0.148, (3.19) 
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for Fo^'^^(O) =0.33. 

For the dependence of form factors in the region where (f is not too large, we shall 
use the pole dominance ansatz, namely, 

= n 2^n . (3-20) 

(1 - q^/mi) 

where m* is the pole mass given in [6]. A direct calculation of S — > P and B ^ V form 
factors at timelike momentum transfer is available in the relativistic light-front quark model 
[30] with the results that the q^ dependence of the form factors Aq, ^2, Fi is a dipole 
behavior (i.e. n = 2), while Ai, Fq exhibit a monopole dependence (n = 1). Note that 
the original BSW model assumes a monopole behavior for all the form factors. This is 
not consistent with heavy quark symmetry for heavy-to-heavy transition. Therefore, in the 
present paper we will employ the BSW model for the heavy-to-light form factors at zero 
momentum transfer but take a different ansatz for their (f dependence, namely a dipole 
dependence for Fi,Aq, A2 and V. In the hght-cone sum rule analysis of [29], the form- factor 
q^ dependence is evaluated using the parametrization 

^^^'^ " l-aiqyjy+b{qymir ^^'^^^ 

where the values of a and b are given in [29] . The hadronic charmless B decays are in general 
insensitive to the expressions of form-factor q'^ dependence because q'^ is small. Nevertheless, 
we find that the decay rates of S — > VV show a moderate dependence on the q'^ behavior of 
form factors. 



IV. FACTORIZED AMPLITUDES 

A. Effective parameters and nonfactorizable effects 

It is known that the effective Wilson coefficients appear in the factorizable decay am- 
plitudes in the combinations a2i — c^f -|- -^c^-i and a2i-i = c^-i + 7^c|f {i — 1, • • • , 5). 
Phenomenologically, the number of colors Nc is often treated as a free parameter to model 
the nonfactorizable contribution to hadronic matrix elements and its value can be extracted 
from the data of two-body nonleptonic decays. As shown in [31-33], nonfactorizable effects 
in the decay amplitudes of -B ^ PP, VP can be absorbed into the parameters a?^. This 
amounts to replacing Nc in a'f by {Nf^)i. Explicitly, 

^if — + JT7I^T~C2i_i, (^2i-l — ^2i-l + TTj^ ) = 1) ' " ' ) 5), (4.1) 

where 

{l/Nf),^{l/Nc)+x^. (4.2) 

with Xi being the nonfactorizable terms which receive main contributions from color-octet 
current operators [34]. In the absence of final-state interactions, we shall assume that Xi 
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and hence {N^^)i are real. If Xi are universal (i.e. process independent) in charm or bottom 
decays, then we have a generalized factorization scheme in which the decay amplitude is 
expressed in terms of factorizable contributions multiplied by the universal effective param- 
eters a^^. For B VV decays, this new factorization implies that nonfactorizable terms 
contribute in equal weight to all partial wave amplitudes so that a^^ can be defined. Phe- 
nomenological analyses of the two-body decay data of D and B mesons indicate that while 
the generalized factorization hypothesis in general works reasonably well, the effective pa- 
rameters af^2 do show some variation from channel to channel, especially for the weak decays 
of charmed mesons (see e.g. [31]). A recent updated analysis of S — > Dn data gives [35] 

Nf{B Dn) ^ {1.8-2.1), X2(5 ^vr) ~ (0.15 - 0.24). (4.3) 

It is customary to assume in the literature that {Nf)i ^ {Nf)2 ■ ■ ■ ^ (Nf) 10 so that the 
subscript i can be dropped; that is, the nonfactorizable term is often postulated to behave in 
the same way in penguin and tree decay amplitudes. A closer investigation shows that this 
is not the case. Wc have argued in [8] that nonfactorizable effects in the matrix elements of 
{V — A){V + A) operators arc a priori different from that of {V — A){V ~ A) operators. One 
primary reason is that the Fierz transformation of the {V — A){V + A) operators 05^6,7,8 is 
quite different from that of {V — A){V — A) operators Oi,2,3,4 and Og^io- As a result, contrary 
to the common assertion, Nf^{LR) induced by the {V — A){V+A) operators are theoretically 
different from Nf^{LL) generated by the {V — A){V — A) operators [8]. Therefore, we shall 
assume that 

NfiLL) ^ (ATf )^ ^ (Nf)^ « (Nf)^ ^ {Nf)^ ^ (iVf )^ ^ (iVf )^^, 
Nf{LR) ^ (Nf)^ ^ (Nf)^ ^ (Nf)^ ^ (Nf)^, (4.4) 

and Nf^{LR) ^ Nf^{LL) in general. In principle, Nf^ can vary from channel to channel, as 
in the case of charm decay. However, in the energetic two-body B decays, Nf^ is expected 
to be process insensitive as supported by the data [34]. Prom the data analysis in Sec. V, 
we shall see that Nf{LL) < 3 and Nf{LR) > 3. 

The A^^^^-dcpendcnce of the effective parameters a'^^ is shown in Table 111 for several rep- 
resentative values of N^^. Prom the Table we see that (i) the dominant coefficients are Oi, 02 
for current-current amplitudes, 04 and for QCD penguin-induced amplitudes, and ag for 
electroweak penguin-induced amplitudes, and (ii) 01,04,05 and 09 are A'^^-stable, while the 
others depend strongly on A^^*'^. Therefore, for charmless B decays whose decay amplitudes 
depend dominantly on A^^^'^-stable coefficients, their decay rates can be reliably predicted 
within the factorization approach even in the absence of information on nonfactorizable 
effects. 

B. Factorized amplitudes and their classification 

Applying the effective Hamiltonian (2.1), the factorizable decay amplitudes of Bu, B^ —>■ 
PP, VP, VV obtained within the generalized factorization approach are tabulated in the 
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Tabic III. Numerical values for the effective coefficients for b ^ s transition at A'^^ = 2, 3, 5, oo 
(in units of 10~^ for 03, • • • , oio). For simplicity we will drop the superscript "eff" henceforth. 





Nf = 2 


Nf = 3 


Nf = 5 


Nf = 00 


ai 


0.985 


1.046 


1.095 


1.168 


0-2 


0.219 


0.024 


-0.131 


-0.365 


as 


-4.15 - 22.8z 


72 


133 + 18.H 


225 + 45.3z 


04 


-345 - 113i 


-383 - 12U 


-413 - 127z 


-458 - 136z 


05 


-107- 22.7i 


-27 


36.7 + 18.2i 


133 + 45.4i 


«6 


/I 1 1 1 


/I q c: 191/,' 


/I F:q 1 97^- 
— 400 — iZ / Z 


— 'ioyj — ioDi 


0,7 


-0.22 - 2.73i 


-0.89 - 2.73i 


-1.43 - 2.73i 


-2.24- 2.73i 


as 


2.93 - 1.37i 


3.30 - 0.9H 


3.60 - 0.55i 


4 


ag 


-87.9 - 2.71z 


-93.9 - 2.71z 


-98.6 - 2.71? 


-105-2.71Z 


aio 


-17.3 - 1.36z 


0.32 - 0.90i 


14.4 - 0.54i 


36 



Appendix. Note that while our factorized amphtudes agree with that presented in [10], we 
do include 11^-exchange, W^-annihilation and spacelike penguin matrix elements in the ex- 
pressions of decay amplitudes, though they are usually neglected in practical calculations 
of decay rates. Nevertheless, whether or not W^-exchange and W^-annihilation are negligible 
should be tested and the negligence of spacelike penguins (i.e. the terms X^^'^i^^) multi- 
plied by penguin coefficients) is actually quite questionable (see Sec. V.H. for discussion). 
Therefore, we keep trace of annihilation terms and spacelike penguins in the Appendix. 

All the penguin contributions to the decay amplitudes can be derived from Table IV by 
studying the underlying b quark weak transitions [4,36]. To illustrate this, let X^^^^'^^) 
denote the factorizable amplitude with the meson M2 being factored out: 

j^(BM„M.) ^ {M,\{q,q,)v-A\0){M,\{q,b),_jB). (4.5) 

In general, when M2 is a charged state, only Oeven penguin terms contribute. For example, 
from Table IV we obtain 

A(Bd ^ 7r+X-)peng oc [04 + a,o + (ae + as)R] X^^''^^'^"), 
A(Ba ^ 7r+X*-)peng oc [04 + aio] 

A(Ba ^ p+i^-)peng oc [a4 + aio - (^e + as)R'] x(^'^p^'''~\ (4.6) 

with R' ^ R ^ m\/ {mi,ms). When M2 is a flavor neutral meson with Is = 0, namely, 
M2 = tt'^,p^,u and ri^'\ Oodd penguin terms start to contribute. From Table IV we see that 
the decay amphtudes of S ^ M7r°, B Mp^, B Mu, B Mt]^'^ (B = B;^,Bd) 
contain the following respective factorizable terms: 

^(-a, + a,)X(^^-°), 

^(a7 + a,)Xf^-°), 
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(2a3 + 2a5 + -a7 + -a9)Xf^'-), 

{2a,-2a,-\a,-r\a,)X^^''^^'''\ (4.7) 
where the subscript u denotes the uu quark content of the neutral meson: 

^(BM,.o) ^ i^^o^^^^-^^_^m^M,m),_M- (4.8) 

In deriving Eq. (4.7) we have used the fact that the ddwme function in the 7r°, p° (a;, rj^'^) has 
a sign opposite to (the same as) that of the uu one. QCD penguins contribute to all charmless 
Bu and Bd decays except for B~ 7r~7r'',p~p° which only receive A7 = | contributions. 
Applying the rules of Table IV, it is easily seen that 

XiB-n-,n°)_ (4.9) 



A{B^ TT 7r°)peng OC - 



-07 + 09 + Oio + 08 



md(mb - rrid} 



Table IV. Penguin contributions to the factorizable B PP, VP, VV decay amplitudes multiplied 
by — (Gi?/-\/2)Vtf,T4g) where q = d,s. The notation B — M\,M2 means that the meson M2 can 
be factored out under the factorization approximation. In addition to the Oeven terms, the rare 
B decays also receive contributions from Oodd penguin effects when M2 is a flavor neutral meson. 
Except for 77 or r/' production, the coefficients R and R! are given hy R = 2mp/[(mi+m2)(mb— ma)] 
and R! = — 2mp/[(mi + m2){mb + ms)], respectively. 



Decay 


b quu, b qcc 


b qdd, b qss 


B ^ P,P 


04 + oio + («6 + as)R 


04 — ^oio + (ag — ^as)R 


B^V,P 


04 + aio + {ae + as)R' 


04 - ^oio + (ae - las)R' 


B^ P,V 


04 + aio 


04 — ^Oio 


B^V,V 


04 + aio 


04 — |aio 


B ^ P,P^ 


03 - as - 07 + ag 


as - as + ^fly - ^ag 


B ^V,P^ 


as - 05- 0,7 + ag 


as — as + ifly — iag 


B ^ P,V^ 


as + 05 + 07 + ag 


as + as — ^aj — ^ag 


B^V,V° 


as + 05 + 07 + Og 


as + as — 507 — ^ag 



Just as the charm decays or B decays into the charmed meson, the tree-dominated 
amplitudes for hadronic charmless B decays are customarily classified into three classes [6]: 

• Class-I for the decay modes dominated by the external 1^-emission characterized by 
the parameter oi. Examples are B^ — > tt'^'tt", p^n~, B~ — > K~^*^K°^*\ ■ ■ ■. 

• Class-II for the decay modes dominated by the color-suppressed internal H^-emission 
characterized by the parameter 02. Examples are Bd — > 7r°7r°, un^, • • •. 

• Class-Ill decays involving both external and internal W emissions. Hence the class-Ill 
amplitude is of the form oi + ro2. Examples are B~ — > 7r~7r°, p~7r°, u!tt~ , ■ ■ -. 
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Likewise, penguin-dominated charmless B decays can be classified into three categories: ^ 

• Class-IV for those decays whose amplitudes are governed by the QCD penguin param- 
eters 04 and qq in the combination 04 -|- RaQ, where the coefficient it! arises from the 
{S — P){S + P) part of the operator Oq. In general, R — 2mp^/[{mi + 777.2) (mb — rns)] 
for B PaPb with the meson Pb being factored out under the factorization ap- 
proximation, R = —2mj,J[{mi + m2){mh + 772.3)] for B — VaPb, and i? = for 
B — >■ PaVb and B VaVb. Note that 04 is always accompanied by aio, and 0,5 by 
as- In short, class-IV modes are governed by aeven penguin terms. Examples are 
Bd ^ K-TT+, K-p+, B- ^ K^n-, R- ■ ■ 

• Class-V modes for those decays whose amplitudes are governed by the effective coef- 
ficients and ag (i.e. aodd penguin terms) in the combinations 03 ± 05 and/or 
ar ± ag (see Table IV). Examples are Ba — >■ ^vr'', (j)ri^'\ B~ — >• 07r~, (j)p~. 

• Class- VI modes involving the interference of Oeven and Oodd terms, e.g. Bfi — > 
K^n^, K^(f), B- X-7r°, ^-0, • • •. 

Sometimes the tree and penguin contributions are comparable. In this case, the in- 
terference between penguin and spectator amplitudes is at work. There are several such 
decay modes. For example, B^ — > 7r°7r°, rj^"'r]^'^ involve class-II and -VI amplitudes, 
B~ p^K~ ,ljK~ consist of class-Ill and -VI amplitudes, and B — > p^K~ receives contri- 
butions from class-I and class-IV amplitudes (see Tables V and VI). 

Using the BSW model for form factors, we have computed the relative magnitudes of 
tree, QCD and electroweak penguin amplitudes for all charmless decay modes of Bu and B^ 
mesons shown in Tables V-VII as a function of N^^{LR) with two different considerations 
for Nf{LL): (a) Nf{LL) being fixed at the value of 2, and (b) Nf{LL) = Nf{LR). 
Because of space hmitation, results for CP-conjugate modes are not listed in these tables. 
For tree-dominated decays, we have normalized the tree amplitude to unity. Likewise, the 
QCD penguin amplitude is normalized to unity for penguin-dominated decays. 



V. RESULTS FOR BRANCHING RATIOS AND DISCUSSIONS 



With the factorized decay amplitudes tabulated in the Appendix and the input param- 
eters for decay constants, form factors,..., etc., shown in Sec. Ill, it is ready to compute the 
decay rates given by 

T(B ^ VP) = gJ^I^(B - VP)l(e-p,)\\ (5.1) 



^Our classification of factorized penguin amplitudes is slightly different from that in [10]; we 
introduce three new classes similar to the classification for tree-dominated decays. 
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where 

J[m% - {mi + ms)^] [m| - (mi - ms)^] ^ ^ 

= ^'-'^ 

is the cm. momentum of the decay particles. For simphcity, we consider a single factorizable 
amplitude for B VV: A{B V1V2) = aX^'^^^'^^l Then 

r{B ^ V1V2) - -^\a{mB + mi)m2fv,Af'''{ml)\^H, (5.3) 



87rm| 



with 



and 



H ^{a-bxf + 2{l + cY), (5.4) 

m% — ml — m\ ^ 2m\p1 2mBPc 

2mim2 ' mim2(mB + mi)^ ' (ms + mi)^' 

Ar(mi)' ^ ^r(mi)' ^'-'^ 

where mi (m2) is the mass of the vector meson Vi (V2). 

Branching ratios for all charmless nonleptonic two-body decays of B~ and B^ mesons 
are displayed in Tables VIII-X with Nf^{LR) — 2, 3, 5, 00 and two different considerations 
for Nf^{LL). For the B meson hfetimes, we use [37] 

r(52) = (1.57 ± 0.03) X lO^^^s, t{B-) = (1.67 ± 0.03) x lO-^^s. (5.6) 

Note that the branching ratios listed in Tables VIII-X are meant to be averaged over CP- 
conjugate modes: 

1 



2 

1 ..,^0 



B{B- M1M2) + B{B+ MiM2)J , 

B{B^ M1M2) + B(B^ M1M2)] ■ (5.7) 



To compute the decay rates we choose two representative form-factor models: the BSW 
and LCSR models (see Sec. III.D). From Eq. (Al) we see that the decay rate of S — > PP 
depends on the form factor Fq, B PV on Fi and/or Aq. while B VV on Ai,A2 
and V. It is interesting to note that the branching ratios of ^ VV predicted by the 
LCSR are always larger than that by the BSW model by a factor of 1.6 ~ 2 (see Table 
X). This is because the B VV rate is very sensitive to the form-factor ratio x = A2/A1 
at the appropriate q"^. This form-factor ratio is almost equal to unity in the BSW model, 
but it is less than unity in the LCSR (see Table II). Consider the decay B — > K*" as 
an example. Its decay rate is proportional to A^'' {'m\*)[{a — hxY -\- 2(1 -|- c^y^)], where 
a = 19.3, b = 13.9, c = 0.72, x = A2'' [7x1]^.) / A^" {m]^.) and y = V^P{m]i.)/Ai''{m]^.). We 
find X = 1.03 and 0.87 in the BSW and LCSR models, respectively. It is easily seen that the 
prediction of B{B K*~p~^) in the LCSR is about 1.6 times as large as that in the BSW 
model (see Table X). 
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A. Spectator-dominated rare B decays 



The class I-III charmless B decays proceed at the tree level through the b quark decay 
b —>■ uud and at the loop level via the b ^ d penguin diagrams. Since 

VubV:,^AX'{p-irj), V,,V:,^-AX\ Vt^V;, ^ AX' {1 - p + irj) , (5.8) 

in terms of the Wolfenstein parametrization [see Eq. (3.1)], are of the same order of mag- 
nitude, it is clear that the rare B decays of this type are tree-dominated as the penguin 
contributions are suppressed by the smallness of penguin coefficients. As pointed out in [10], 
the decays B^ — > n^rj^'^ are exceptional because their tree amplitudes are proportional to 



a2 



(r/(')|(««),_jO)(7r°|(d6),_j5") + {7:'\{uu),_jO){r^^\db),_jB')] . (5.9) 



The matrix element (7r'^|((i6)^_^|S^) has a sign opposite to that of {r]^'^{db)y_^\'B^) because 
of the wave functions: 7r° = {uu — dd)/\/2 and ?7^'^ oc {uu + dd). The large destructive 
interference of the tree amplitudes renders the penguin contributions dominant (sec Table V 
for the relative amplitudes). This explains why B^ — > -k^t]' has the smallest branching ratio, 
of order 10~^, in charmless B — > PP decays. Likewise, the branching ratios of 5° — > p^rj'^"' 
are also very small. There is another exceptional one: B^ — > p^uj whose tree amplitude is 
proportional to 



a-2 



Again, a large destructive interference occurs because p° = {uu — dd) / -\/2 and uj — {uu -\- 
dd)/y/2: the matrix element for Ba — > p^ transition has a sign opposite to that for Ba — > u. 
Consequently, this decay is dominated by the penguin contribution and belongs to the class- 
VI mode. 

Experimentally, B~ — > p°7r~ is the only tree-dominated charmless B decay that has been 
observed very recently. If Nf^{LL) is treated as a free parameter, it is easily seen that 
the decay rates of class-I modes increase with Nf^{LL) since ai = df + / Nf^ {LL) and 

is negative. Because a2 is positive at N^^{LL) < 3.2 and it becomes negative when 
Nf^{LL) > 3.2, the magnitude of 02 has a minimum at Nf^{LL) — 3.2. Therefore, the 
branching ratio of class-II channels will decrease with Nf^{LL) until it reaches the minimum 
at l/Nf{LL) = 0.31 and then increases again. The class-Ill decays involve interference 
between external and internal W^-emission amplitudes. It is obvious that the branching 
ratios of class-Ill modes will decrease with N^^{LL). On the contrary, when N^^{LL) is 
fixed, the branching ratios for most of class-I to class-Ill modes are insensitive to N^^{LR). 
This means that penguin contributions are generally small. 

Theoretically, some expectation on the effective parameters af^ and is as follows. We 
see from Table III that 02 is very sensitive to the nonfactorized effects. Since the effective 
number of colors, Nf^{LL), inferred from the Cabibbo-allowed decays B — > {D, D*){'k, p) is 
in the vicinity of 2 (sec Eq. (4.3); for a recent work, see [35]) and since the energy released in 
the energetic two-body charmless B decays is in general slightly larger than that m. B ^ Dtt 
decays, it is thus expected that 
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FIG. 2. The branching ratio of B p^n versus 1/Nf. The solid (dotted) curve is calculated 
using the BSW (LCSR) model, while the solid thick lines are the CLEO measurements with one 
sigma errors. 
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FIG. 3. The branching ratio of — > tt a; versus 1/iV™. The solid (dotted) curve is calculated 
using the BSW (LCSR) model, while the solid thick line is the CLEO upper limit. 



|x(two - body rare B decay)] ^ \x{B ^ Dn)\, (5.11) 

and hence N^^{LL) fsi Nf^i^B D-n) ~ 2. This imphes that the values of ai and 02 are 
anticipated to be ai ~ 0.986 and a2 ~ 0.22 . 

Very recently CLEO has made the first observation of a hadronic b ^ u decay, namely 
B"^ — > p°7r^ [38]. The preliminary measurement yields: 

B{B^ p^n^) = (1.5 ± 0.5 ± 0.4) x 10"^ (5.12) 

Prom Fig. 2 or Table IX it is clear that this class-Ill mode which receives external and internal 
VF-emission contributions is sensitive to if Nf^{LL) is treated as a free parameter, 

namely, Nf{LR) = Nf{LL) = Nf; it has the lowest value of order 1 x 10"^ and then 
grows with We see from Fig. 2 that 0.38 < < 0.96. Since the tree diagrams 

make the dominant contributions, we then have 

1.1 < Nf(LL) < 2.6 from B^ p\^. (5.13) 

Therefore, Nf^[LL) is favored to be less than 3, as expected. 
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There is an additional experimental hint that favors the choice Nf^^LL) ~ 2 or a smaller 
N^^: the class-Ill decay 5^ — > tt^o;. This mode is very similar to p^TX^ as its decay 
amplitude differs from that of cjtt^ only in the penguin terms proportional to X^^'^ (see 
Appendix E) which are not only small but also subject to the quark-mixing angle suppression. 
Therefore, the decay rates of ujti^ and p^n^ are very similar. Although experimentally only 
the upper limit B{B^ tt^u) < 2.3x 10~^ is quoted by CLEO [39], the CLEO measurements 
B{B^ K^u) = (l.Stg:^ ± 0.2) X 10-5 and B{B^ h^u) = (2.51^;? ± 0.3) x 10-^ with 
h — TT, K indicate that the central value of B{B'^ — > n^u) is about 1 x 10-^. A fit of 
the model calculations to this central value yields 0.4 < l/Nf^i^LL) < 0.6 (sec Fig. 3) or 
1.7 < Nf{LL) < 2.5. The prediction for Nf{LL) = 2 is B{B^ lut:^) = 0.8 x 10"^ and 
1.1 X 10^^ in the BSW model and the LCSR, respectively. 

In analogue to the decays B — > D^*^'k{p), the ratio a2/ai can be inferred from the 
interference effect of spectator amphtudes in class-Ill charmless B decays by measuring the 
ratios of charged to neutral branching fractions: 

o _ o ISjB- ^ tt-tt") ^ _ . BjB- ^ p-TT") 

Ui = Z Q -, ^2 = ^ — 



B{B 7r-7r+) B(R p-n+) 

B(B^^7r-p+) B{B"^p-p+) 

Since penguin contributions to Ri are small as we have checked explicitly, to a good approx- 
imation we have 

h Ff^'iml) a^) ' 

1 + ^V. (5.15) 

Evidently, the ratios are greater (less) than unity when the interference is constructive 
(destructive). From Table XI we see that a measurement of R^ (in particular R^) will 
constitute a very useful test on the effective number of colors Nf^{LL). 

A very recent CLEO analysis of B^ — > 7t~^tt~ presents an improved upper limit [40] 

S(S° ^ TT+TT") < 0.84 X 10-^ (5.16) 

It is evident from Fig. 4 that Nf^{LL) is preferred to be smaller and that the predicted 
branching ratio seems to be too large compared to experiment. Indeed, most known model 
predictions in the literature tend to predict a B{B^ — > Tr+Tr") much larger than the current 
hmit. There are several possibihties for explaining the data: (i) The CKM matrix element 
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Tabic XL The predictions of the ratios Ri at N^^ = 2 and Nf^ = oo, respectively, in the BSW 
[LCSR] model. 





Ri 


R2 


Rs 


R4 


Nf = 2 


1.52 [1.52] 


1.25 [1.34] 


2.27 [1.84] 


1.57 [1.57] 


Nf = oo 


0.48 [0.48] 


0.86 [0.76] 


0.16 [0.35] 


0.50 [0.50] 
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FIG. 4. The branching ratio of B vr^vr" versus 1/Nf where use of 

Nf{LL) = Nf{LR) = Nf has been made. The solid (dotted) curve is calculated using the 
BSW (LCSR) model, while the solid thick line is the CLEO upper limit. 

\Vub\ (or the value of Vp^ + V^) and/or the form factor Fq^'^(O) are smaller than the conven- 
tional values. However, one has to bear in mind that the product VubFi^^ is constrained by 
the measured semileptonic B niu rate: A smaller Vub will be correlated to a larger — > tt 
form factor and vice versa, (ii) Final-state interactions may play an essential role. We shall 
see in Sec. VI that if the isospin phase shift difference is nonzero and larger than 70°, the 
decay rate of tt+tt^ will be significantly suppressed whereas the mode 7r°7r° is substantially 
enhanced (see Fig. 14). (ill) The unitarity angle 7 is larger than 90°, or the Wolfenstein 
parameter p is negative, an interesting possibility pointed out recently in [41]. It is clear 
from Fig. 5 that the experimental limit of tt+tt" can be accommodated by 7 > 105°. From 
Eq. (5.8) and Appendix B for the factorized amplitude of S — > 7r"'"7r~, it is easily seen that 
the interference between tree and penguin amplitudes is suppressed when p is negative. We 
also see from Fig. 5 that the ti^ti^ mode is less sensitive to 7 as it does not receive QCD 
penguin contributions and electroweak penguins are small. The current limit on 7r~7r° is 
B{B- 7r-7r°) < 1.6 x lO'^ [40]. 

Three remarks are in order before ending this section. First, it is interesting to note that 
the tree-dominated class I-III modes which have branching ratios of order 10~^ or larger 
must have either one vector meson in the final state because of the larger vector-meson 
decay constant fv > fp or two final-state vector mesons because of the larger spin phase 
space available due to the existence of three different polarization states for the vector meson. 
For example, it is expected that 
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360° 



FIG. 5. Branching ratios of — > vrvr modes versus the unitarity angle 7, where the sohd, dashed, 
and dotted curves correspond to vr+vr^, tt^tt^, and vr^vr'^, respectively. Uses of N^^{LL) = 2, 



Nf^{LR) = 5 and the BSW model for form factors have been made. 



n-p+) ~ 1 X 10^^ 
n-p^) ~ 1 X 10~^ 

(5.17) 

The p~7r+ (p~7r°) decay has a larger rate than the p^n^ (p°7r~) mode mainly because of 
the difference of the decay constants fp and /^r so that fpFf'^ > /t^A^''. Second, it is well 
known that the unitarity angle a can be determined from measuring the CP asymmetry in 
[B^,^) TT+TT^ decays provided that penguin contributions are negligible. But we see 
from Table V that the QCD penguin contribution is important for vr^vr^ and moderate 

for B^ TT+TT^. Nevertheless, if isospin is a good symmetry, an isospin analysis of B^ —>■ 
71^71^ ,TT^TT^ , B^ — s> 7r+7r° and their CP-conjugate modes can lead to the extraction of 2a 
without electroweak penguin pollution. However, isospin symmetry is broken by electroweak 
penguins and also by the u and d quark mass difference which will contaminate the model- 
independent determination of sin 2a [42]. Third, as mentioned before, the branching ratio 
of the class-II modes is very sensitive to the value of N^^: it has a minimum at N^^ = 3.2 . 
Our preferred prediction is made at the value N^^{LL) = 2 and hence the branching ratio is 
not very small. Nevertheless, the decay rates of class-II channels are in general significantly 
smaller than that of class-I and class-Ill ones. As a result, ly-exchange, ly-annihilation and 
final-state interactions, which have been neglected thus far, could be important for class-II 
decays and they may even overwhelm the usual factorized contributions. 



BiW p-p+) ~ B{W p--K+) > B{W ^ 
B{B- p-p^) ~ B{B- > B{B- - 

B(B- cup-) > B(B- un-) ~ 1 X 10"^ 



B. General features of QCD-penguin dominated B decays 

For penguin-dominated class IV- VI decay modes, some general observations are the fol- 
lowing: 

1. Class- IV modes involve the QCD penguin parameters and ag in the combination 
04 + RaQ, where R > for B ^ PaPb, -R = for PaVb and VaVb final states, and i? < for 
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B — > VaPb, where P5 or Vf, is factorizable under the factorization assumption. Therefore, the 
decay rates of class-IV decays are expected to follow the pattern: 

r{B ^ p„p,) > r{B ^ p„H) - r(p ^ kH) > r(P ^ kA), (s.is) 

as a consequence of various possibilities of interference between the 04 and Qq penguin terms. 
From Tables VIII-X, we see that 

-B(P° ^ K-n^) > ^ X*-7r+) ~ B(P^ ^ > ^ i^"p+), 



B(P- ^ Z^TT") > i3(p- ^ X*°7r-) ~ B(P- ^ ^*°p") > B{B- TC p- 
B(B^ K'^Tf) > B(B^ K^'K*") ~ B(^ > B(B^ K*''K°), 

B{B- K-K^) > B{B~ K-K*^) - B{B~ K*-K*°) > B{B- K*-K^). (5.19) 

Note that the above hierarchy is opposite to the pattern B{B — >■ PaH) > B{B — > PaPb), 
as often seen in tree-dominated decays. It implies that the spin phase-space suppression 
of the penguin-dominated decay B PaPb over B PaVb or P ^ VaPb is overcome by 
the constructive interference between the penguin amplitudes in the former. Recall that the 
coefficient R is obtained by applying equations of motion to the hadronic matrix elements of 
pseudoscalar densities induced by penguin operators. Hence, a test of the hierarchy shown 
in (5.19) is important for understanding the penguin matrix elements. 

2. Contrary to tree-dominated decays, the penguin-dominated charmless B decays have 
the largest branching ratios in the PP mode. Theoretically, the class- VI decay modes B~ — > 
r]'K~ , Bd ri'T^ have branching ratios of order 4.5 x 10~^. These decay modes receive two 
different sets of penguin terms proportional to 04 -|- Ra^ with P > 0. The other penguin- 
dominated decay modes which have branching ratios of order 10~^ are B — > K~t:'^, B~ — > 
K~7r^,T(^7r~; all of them have been observed by CLEO. 

3. We will encounter hadronic matrix elements of pseudoscalar densities when evaluating 
the penguin amplitudes. Care must be taken to consider the pseudoscalar matrix element 
for rj^'^ — > vacuum transition: The anomaly effects must be included in order to ensure a 
correct chiral behavior for the pseudoscalar matrix element [8]. The results are [43,9] 

2 

(/)|.-75.|0) = -^^ to')-/;.)), 

{ri^'^\u^,u\0) = {v^'^\d^5d\0) = V) (r/(')|s75s|0), (5.20) 

with [8] 



2/0' -/I cos^^ + ^sin^^ 



— fi cos9 — ^/2sind /roi\ 
''^"2^i^cos^ + ^sin^- ^ 
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FIG. 6. The branching ratio of B- ^K' versus \/Nf{LR) with Nf{LL) being fixed at 2. 
The solid (dotted) curve is calculated using the BSW (LCSR) model, while the solid thick line is 
the CLEO upper limit. 

4. We shall see below that nonfactorized effects in penguin-dominated decays are favored 
to be N^^{LR) > 3, as implied by the decay modes B (f)K and B rj'K, contrary to the 
tree-dominated case where N^^{LL) < 3. Prom Eqs. (4.3) and (5.11) it is anticipated that 
Nf{LL) Nf{B Dn) ~ 2 and Nf{LR) ~ 2 - 6, depending on the sign of x- Since 
Nf^(LR) > Nf^{LL) implied by the data, therefore, we conjecture that [4] 

Nf{LR) ^ 6. (5.22) 



C. B^(pK, (pK* decays 

The decay amplitudes of the class- VI penguin-dominated modes B — > (pK and B — > (pK* 
are governed by the effective coefficients [03 -1-04-1-05 — ^(07-1-09-1- oio)] (see Appendixes 
C-G). As noted in passing, the QCD penguin coefficients 03 and 05 are sensitive to Nf^{LL) 
and N^^{LR), respectively. We see from Figs. 6 and 7 that the decay rates o( B ^ (pK^*^ 
increase with 1/ N^^[LR) irrespective of the value of N^^[LL). The new CLEO upper limit 
[38] 

E{B^ ^K^) < 0.59 X 10"^ (5.23) 
at 90% C.L. implies that (see Fig. 6) 

with Nf^[LL) being fixed at the value of 2. Note that this constraint is subject to the 
corrections from spacelike penguin and W^- annihilation contributions. At any rate, it is safe 
to conclude that Nf{LR) > 3 > Nf{LL). 

CLEO has seen a 3(7 evidence for the decay B — >■ (pK*. Its branching ratio, the average 
of (pK*~ and (pK*^ modes, is reported to be 
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FIG. 7. The branching ratio of B ^ cpK* vs l/iV;:'^(Li?) with Nf{LL) being fixed at the value 
of 2. The sohd (dotted) curve is calculated using the BSW (LCSR) model. The solid thick lines 
are the CLEO measurements with one sigma errors. 
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Using Nf{LL) = 2 and the constraint (5.24), we find that 



l.i;[^J±0.2) X 10"^ 



(5.25) 



^ ^ ^ - \ 1.2 X 10-5 LCSR, 



(5.26) 



and that the ratio V{B (j)K*)/T{B^ (f)K^) is 0.76 in the BSW model, while it is equal 
to 1.9 in the LCSR. This is because r{B (pK*) is very sensitive to the form factor ratio 



X 



m;)/Af^ {ml), which is equal to 0.875 (1.03) in the LCSR (BSW) model [see 
the discussion after Eq. (5.7)]. In particular, B{B (/)K*) = 0.74 x 10^^ is predicted by the 
LCSR for N^^{LL) = 2 and N^^{LR) = 5, which is in accordance with experiment. It is 
evident from Figs. 6 and 7 that the data of S — > (f)K and B — > (f)K* can be simultaneously 
accommodated in the LCSR analysis. Therefore, the non-observation of S — > (f)K does not 
necessarily invalidate the factorization hypothesis; it could imply that the form-factor ratio 
A2/A1 is less than unity. Of course, it is also possible that the absence of B (f)K events 
is a downward fluctuation of the experimental signal. At any rate, in order to clarify this 
issue and to pin down the effective number of colors Nf^{LR), measurements of -B — >■ (pK 
and B — > (pK* are urgently needed with sufficient accuracy. 



D. 5 ^ r/'K(*) and r]K^*^ decays 
The pubhshed CLEO results [44] on the decay B rj'K 

B{B^ r)'K^) = (6.5li j ± 0.9) x 10'^, 
BiB"" ^ r]'K'') = (4.7l|^ ± 0.9) x 10-^ 



(5.27) 



are several times larger than earlier theoretical predictions [2,45,46] in the range of (1 — 
2) X 10-5. It was pointed out in past two years by several authors [9,43,47] that the decay 



29 



rate of S ^ 'q'K will get enhanced because of the small running strange quark mass at the 
scale trib and sizable SU{'i) breaking in the decay constants /g and /q.** Ironically, it was 
also realized around a year ago that [43,9] the above-mentioned enhancement is partially 
washed out by the anomaly effect in the matrix element of pseudoscalar densities, an effect 
overlooked before. Specifically, (?7'|s75s|0) = —i{m'^, /2ms) i^f^i — f^i) [see Eq. (5.20)], where 
the QCD anomaly effect is manifested by the decay constant /^,. Since ~ \f^, [cf. 
Eq. (3.13)], it is obvious that the decay rate of S — > rf'K induced by the {S — P){S + P) 
penguin interaction is suppressed by the anomaly term in {r]'\s^f,s\Qi) . As a consequence, the 
net enhancement is not large. If we treat Nf^i^LL) to be the same as N^^{LR), as assumed 
in previous studies, we would obtain B{B^ t]' K^) = (2.7-4.7) x 10"^ at < l/Nf < 0.5 
for ms{mh) = 90 MeV and F^^{0) = 0.38 (see the dashed curve in Fig. 8). It is easily seen 
that the experimental branching ratios can be accommodated by a smaller strange quark 
mass, say ms{mh) = 60 MeV, and/or a large form factor Fq^, for instance Fq^'^(O) = 0.60. 
However, it is very important to keep in mind that it is dangerous to adjust the form factors 
and/or light quark masses in order to fit a few particular modes; the comparison between 
theory and experiment should be done using the same set of parameters for all channels [48] . 
Indeed, a too small ms{mb) will lead to a too large B Ktt, while a too large F^^{0) will 
break the SU(3)-symmetry relation F^^ = F^'^ very badly as the form-factor F^'^ifS) larger 
than 0.33 is disfavored by the current limit on tt'^tt^ (see Sec. V.B). 

What is the role played by the intrinsic charm content of the rj' to B ^ r]'K ? It has 
been advocated that the new internal 1^-emission contribution coming from the Cabibbo- 
allowed process b — > ccs followed by a conversion of the cc pair into the r)' via two gluon 
exchanges is potentially important since its mixing angle VcbV*^ is as large as that of the 
penguin amplitude and yet its Wilson coefficient 02 is larger than that of penguin operators. 
As noted in Sec. III.C, the decay constant f^, lies in the range -2.0 MeV < f^, < -18.4 
MeV. The sign of f^^, is crucial for the 1]' charm content contribution. For a negative f^,, its 
contribution to 5 — > rj'K is constructive for 02 > 0. Since a2 depends strongly on N^^{LL), 



**To demonstrate how the decay rate of B r)'K is enhanced, we first use the parameters 
Fo^^(O) = 0.38, VSF^^^iO) = VQF^'^'iO) = F^^O), m, = 140 MeV, fo = fs = U, ^8 = ^0 = 
9 = -20°, which in turn imply = 53 MeV, = 108 MeV and F^"' (0) = 0.133. With 
the above inputs, wc obtain B{B- rj'K') = (1.0 - 1.5) x 10"^ at < l/Nf < 0.5 where 
Nf{LR) = Nf{LR) = Nf. Then we consider some possible effects of enhancement. First of 
ah, the penguin ampUtudc oi B ^ rj'K proportional to and og wih get enhanced by a factor 
of 1.6 if TUs = 90 MeV, the strange quark mass at = nib, instead of nis = 140 MeV, the mass 
at 1 GeV, is employed. Second, SU(3) breaking in the decay constants /s and /o [see Eq. (3.12)] 
and the two-mixing angle formulation for the decay constants and /^/ [see Eq. (3.11)] lead to 
= 63 MeV and = 137 MeV. Consequently, the factorized terms X^^'"^'^ and xf^'"^'^ (see 
Appendix C) are enhanced by a factor of 1.17 and 1.27, respectively. Third, for = —15.4° [ see 
Eq. (3.11)] we obtain -F(f'''(0) = 0.148. Thus, X^-^''''^) is increased by a factor of 1.11 . As a result 
of an accumulation of above several small enhancements, the branching ratio eventually becomes 
B{B- r(K-) = (2.7 - 4.7) x 10"^ 
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FIG. 8. The branching ratio of rj'K^ as a function of 1/NfiLR) with Nf{LL) being 

fixed at the value of 2 and r/ = 0.370, p = 0.175, mg{m{j) = 90 MeV. The calculation is done using 
the BSW model for form factors. The charm content of the r/' with = — 6.3McV contributes to 
the solid curve but not to the dotted curve. The anomaly contribution to (r?'|s75s|0) is included. 
For comparison, predictions for Nf^{LL) = Nf^{LR) as depicted by the dashed curve with = 
and dot-dashed curve with = —6.3 MeV are also shown. The solid thick lines are the preliminary 
updated CLEO measurements (5.29) with one sigma errors. 

we see that the cc — > rj' mechanism contributes constructively at 1/N^^{LL) > 0.31 where 
02 > 0, whereas it contributes destructively at 1 / N^^ (LL) < 0.31 where 02 becomes negative. 
In order to explain the abnormally large branching ratio of — >■ rj'K, an enhancement 
from the cc — > 77' mechanism is certainly welcome in order to improve the discrepancy 
between theory and experiment. This provides another strong support for Nf^{LL) Ri 2. If 
Nf{LL) = Nf{LR) is adopted, then B{B rj'K) will be suppressed at 1/Nf < 0.31 and 
enhanced at 1/Nf > 0.31 (see the dot-dashed curve in Fig. 8 for = —6.3 MeV). If the 
preference for A*"^^ is 1/Nf < 0.2 (see e.g. [10]), then it is quite clear that the contribution 
from the rj' charm content will make the theoretical prediction even worse at the small values 
of 1/Nf ! On the contrary, if Nf(LL) pa 2, the cc admixture in the rj' will always lead to a 
constructive interference irrespective of the value of Nf{LR) (see the solid curve in Fig. 8). 

At this point, we see that the branching ratio of S — > Krj' of order (2.7 — 4.7) x 10~^ 
at < 1/Nf < 0.5 for Nf{LL) = Nf{LR) and it becomes (3.5 - 3.8) x 10"^ when the 
Tj' charm content contribution with f^, = —6.3 MeV is taken into account. However, the 
discrepancy between theory and experiment is largely improved by treating Nf{LL) and 
Nf{LR) differently. Setting Nf{LL) = 2, we find that (see Fig. 8) the decay rates of 5 ^ 
rj'K are considerably enhanced especially at small l/Nf{LR). Specifically, B{B^ rj' K^) 
at l/Nf{LR) < 0.2 is enhanced from (3.6 - 3.8) x 10"^ to (4.6 - 6.1) x 10"^ due to three 
enhancements. First, the rj' charm content contribution a2X^^^''^'^ now always contributes 
in the right direction to the decay rate irrespective of the value of Nf{LR). Second, the 
interference in the spectator amplitudes of — > rj'K^ is constructive. Third, the term 
proportional to 

2(03 - a5)Xf + (aa + a, - 05)^^^'''') (5.28) 
is enhanced when {Nf)3 = {Nf)^ = 2. 
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FIG. 9. Same as Fig. 8 except for S° K^rj' . 

A recent CLEO reanalysis of S — rj'K using a data sample 80% larger than in previous 
studies yields the preliminary results [49,40]: 

B{B^ rj'K^) = (7.4i;j ± l.o) x 10-^ 

^ r]'K^) = {5.9+li ± 0.9) X 10-^ (5.29) 

suggesting that the original measurements (5.27) were not an upward statistical fluctuation. 
It is evident from Fig. 9 that the measurement of i? — > rj'K is well explained in the present 
framework based on the Standard Model. Contrary to some early claims, wc sec that it is 
not necessary to invoke some new mechanisms, say the SU(3)-singlet contribution S' [50], 
to explain the data. The agreement with experiment provides another strong support for 
Nf{LL) ~ 2 and for the relation Nf{LR) > Nf{LL). 

Thus far, the calculation is carried out using ms{mb) — 90 MeV and the prediction of 
B{B~ — > ri'K~) is on the lower side of the experimental data. The discrepancy between 
theory and experiment can be further improved by using a smaller strange quark mass, say 
ms{mh) = 70 MeV. However, as stressed before, the calculation should be consistently carried 
out using the same set of parameters for all channels [48]. Indeed, a too small ms{mb) will 
lead to a too large B — > Kn, 

Prom the face values of the data, it appears that the branching ratio of the charged mode 
r]'K~ is slightly larger than that of the neutral mode rj'K^, though they are in agreement 
within one sigma error. Note that the neutral mode does not receive contributions from 
external VT-emission and 1^-annihilation diagrams. Since the external W^-cmission is small 
due to small mixing angles, it is naively anticipated that both decays should have very 
similar rates unless VT-annihilation plays some role. However, if the two branching values 
are confirmed not to converge when experimental errors are improved and refined in the 
future, a plausible explanation is ascribed to a negative Wolfenstein's p parameter. We see 
from Fig. 10 that the charged r]'K~ mode is significantly enhanced at 7 > 90°, whereas the 
neutral rj'K^ mode remains steady. 

Contrary to the abnormally large decay rate of S — > rj'K, the branching ratio of B ^ rjK 
is very small because of the destructive interference in penguin amplitudes due to the opposite 
sign between the factorized terms X^^^'^^ and aeX^^^'"^^; that is, the {uu + dd) and ss 
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FIG. 10. Branching ratios of B ^ r]'K modes versus the unitarity angle 7, where the sohd and 
dashed curves correspond to r]'K~ and ij'K^, respectively. Uses of N^^{LL) = 2, N^^{LR) = 5 
and the BSW model for form factors have been made. 



components interfere destructively for the rj but constructively for the t]'. From Table VIII 
we obtain 



B{B rj'K) 
B{B ^ 7]K) 
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charged B; 
neutral B. 



(5.30) 



Since the sign of agX^^^*'^'^ is flipped in B r]'^'^K* decays, the interference effect becomes 
the other way around: constructive in i? — > rjK* and destructive in 5 — »• rj'K*: 



B{B r]'K*] 
B{B 7]K*) 



0.13 
0.11 



charged B; 
neutral B. 



(5.31) 



It has been argued in [20] that B{B —>■ r]'K*) is about twice larger than that of B ^ v'K, 
a prediction not borne out by the current limit B{B^ rj'K*^) < 2.0 x 10~^ [38] and 
the measurement of B{B^ — > rj'K^) (5.29). Note that it has been advocated that the two- 
gluon fusion mechanism may account for the observed large decay rate of -B ^ rj'K [51,52]. 
Using the same gluon-fusion mechanism, large branching fractions of -B ^ rj'K* of order 
3 X 10~^ are found in [53], to be compared with 7 x 10"'' in our calculations. Therefore, it 
is important to measure the processes B^ rj' K*^ and B^ rj'K*^ to test the two-gluon 
fusion mechanism. 



E. S ^ Kit decays 

There are four Kn modes in Bu,d decays: 5^ K^n^, B~ K'n^ , B~ K'n^, and 
B ^ K 71^. Theoretically, the following pattern is expected: 

T{B- k\-) > r(5° ^ K-n+) > T{B- R-n'^) > r(5° ^ K°7r°). (5.32) 

This pattern arises based on the following observations: (1) Since the tree contributions 
are CKM suppressed, these decays are penguin dominated. (2) Because of the 7r° wave 
function, it is generally anticipated that the first two channels are larger than the last two 
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and B{B~ — > K~7r^)/B{B — > Kn^) 1/2. (3) The small electroweak penguin effect makes 
the first two processes almost the same. The slight difference between K tt" and K~7r~^ comes 
from the destructive interference between the tree and QCD penguin amplitudes in the latter; 
such an interference is absent in the former as it proceeds only through penguin diagrams. (4) 
Though it can be neglected in the first two modes, the electroweak penguin plays a role in the 
last two. With a moderate electroweak penguin contribution, the constructive (destructive) 
interference between electroweak and QCD penguins in K~Tr'^ and K 7r° explains why the 
former is larger than the latter. 

Experimentally, a substantial difference in the first two decay modes implied by the 
earlier data makes the Fleischer-Mannel bound [54] on the unitarity angle 7 interesting. An 
improvement of the data samples and a new decay mode observed by CLEO [55,40] indicate 
nearly equal branching ratios for the three modes K~7r~^, K^7r~ and K~7r^: 

B(B° K-7r+) = (1.4 ± 0.3 ± 0.2) x 10'^ 
B{B- K°7r~) = (1.4 ± 0.5 ± 0.2) x 10-^ 

B(B- X-7r°) = (1.5 ± 0.4 ± 0.3) x 10"^ (5.33) 

While the improvement on the first two decay modes is in accordance with the theoretical 
expectation, the central value of the new measured decay mode B~ — > K~7t'^ is larger than 
the naive anticipation. Of course, one has to await the experimental improvement to clarify 
this issue. If the present data persist, an interesting interpretation based on the revived 
idea of a negative p is pointed out recently in [56]. To see the impact of a negative p or 
the dependence on the unitarity angle 7, we plot in Fig. 11 the branching ratios of Ktt 
modes versus 7. It is clear that (i) the aforementioned pattern K^-k^ > K~7r~^ > K~7r^ is 
modified to K~7r^ > K^7r~ > K~tx^ when 7 > 90°, (ii) the decay rate of K~7i^ is close to 
that of /C°7r~ when 7 approaches to 180°, and (iii) the purely-penguin decay mode K^7r~ is 
insensitive to the change of 7, as expected. 

A rise of the K~7r'^ and K~7r^ decay rates from their minima at 7 = 0° and 360° (or 
IpI = Pmax = 0.41 and 77 = 0) to the maxima at 7 = 180° (or p = and rj — —0.41) can be 
understood as follows: The interference between tree and penguin contributions in these two 
decay processes is destructive for negative p and becomes largest at 7 = 0° and then decreases 
with increasing 7. When the sign of p is flipped, the interference becomes constructive and 
has its maximal strength at 7 = 180°. It is obvious from the above discussion that a negative 
p alone is not adequate to explain the nearly-equality of Kti modes since an increase of K~it^ 
is always accompanied by a rise of K~Tr'^. Therefore, final state interactions are probably 
needed to explain the central values of the data. 

Finally we remark that it is anticipated that K'n'^ > K*~t:'^ (hkewise, TC^n" > ii'*°7r~; 
sec Eq. (5.19)) owing to the absence of the 0,5 penguin term in the latter . The branching 
ratio of K*~7r~^ and K tt" is predicted to be of order 0.5 x 10~ at 7 = 65° (see Table IX) 
and ~ 1.0 X 10"^ at 7 = 90°. As noted in passing, K p^ and K p have smaller branching 
ratios, typically of order 1 x 10~^, as the penguin term contributes destructively. 
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FIG. 11. Branching ratios of Kit modes versus the unitarity angle 7, where the sohd, dashed, 
dotdashed and dotted curves correspond to B ^ K'lr^, 'K^tt", K~tt^ and T^'k^, respectively. 
Uses of Nf{LL) = 2, Nf{LR) = 5 and the BSW model for form factors have been made. 



F. ojK^ and B^ p^K^ decays 

The CLEO observation [39] of a large branching ratio for — > ujK^ 

B{B^ ujK^) = (1.5+°:^ ± 0.2) X 10-^ (5.34) 

is rather difficult to explain at first sight. Its factorizable amplitude is of the form (see 
Appendix E) 

+ [2a3 + 2a, + ^{a, + ag)]^^^^''^) + ■■■}, (5.35) 

with R = —2mj^/{mbms), where ellipses represent contributions from VT-annihilation and 
spacelike penguin diagrams. It is instructive to compare this decay mode closely with B~ —>■ 

AiB- p'K-) = K.V;*,{aiX(^^°'^) + a^Xf ^'^")} (5.36) 
- Vt,V*{[a, + aio + R'ia, + as)]^^^''"'^^') + ^{a, + ag)^^ ^■^") + ■■■}, 

with R' = —2m?p/{mi)ms). Although the tree amplitude is suppressed by the mixing angle, 
l^feKTs/^ft^sl = -^^5 the destructive interference between 04 and penguin terms renders 
the penguin contribution small. Consequently, the relative weight of tree and penguin con- 
tributions to ujK~ and p^K~ depends on the values of Nf^ (see Table VI). At our favored 
values Nl^[LL) = 2 and N^^{LR) = 5, we see that the tree contribution is important for 
both channels. It is also clear from Table VI that the electroweak penguin contribution to 
p^K~ is as important as the tree diagram. The branching ratio of B^ p^K^ is estimated 
to be of order (0.5 — 0.9) x 10^^ (see Table IX). This prediction is relatively stable against 
N"^^ . While the current bound is B{B- —>■ p^K^) < 2.2 x 10^^ [38], the preliminary mea- 
surement of B~ p^K~ shows a large event yield 14. Sly;® [38]. If the branching ratio of 
this decay is found to be, say, of order 0.5 x 10~^, then it is a serious challenge to theorists. 
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FIG. 12. The branching ratio of B' ujK" vs l/Nf{LR) with Nf{LL) being fixed at the 
value of 2. The sohd (dotted) curve is calculated using the BSW (LCSR) model. The solid thick 
lines are the CLEO measurements with one sigma errors. 

Since the ijjK~ amplitude differs from that of p^K~ only in the QCD penguin term 
proportional to (03 + 05) and in the electroweak penguin term governed by Og, it is naively 
anticipated that their branching ratios are similar if the contributions from 03, 05, Og are 
negligible. The question is then why is the observed rate of the uoK^ mode much larger than 
the theoretical estimate of the p^K~ mode ? By comparing (5.35) with (5.36), it is natural 
to contemplate that the penguin contribution proportional to (203 + 2a^) accounts for the 
large enhancement of — > uK^. However, this is not the case: The coefficients and 
05, whose magnitudes are smaller than 04 and Oe, are not large enough to accommodate the 
data unless Nf^{LR) < 1.2 (see Fig. 12). It is evident that the predicted branching ratio of 
B~ — s> ujK~ is in general too small if Nf{LL) is fixed at the value of 2 and l/Nf{LR) < 0.5. 
If Nf^{LL) is assumed to be the same as N^^{LR), then the branching ratio can rise above 
1 X 10^^ at the small value of = [10] since 03 + 05 has its maximum at N^^ = 00 (see 

Table III). However, it seems to us that N^^ — > 00 for hadronic B decays is very unlikely. 

So far we have neglected three effects in the consideration of B"^ uiK^ , p'^K^ decays: 
ly- annihilation, spacelike penguin diagrams and final-state interactions. The first two mech- 
anisms play the same role for both modes and they will lead to the decay rate of ujK~ similar 
to p^K~ . If the latter is observed to have a similar rate as the former, it is plausible that 
Vl^-annihilation and spacelike penguins could play a prominent role to both modes. How- 
ever, if B{B~ P^K~) <^ B{B^ uoK^) is observed experimentally, then one possibility 
is that FSI may explain the disparity between p^K~ and ooK~ modes, as elaborated on in 
Sec. VI. At any rate, it is crucial to measure the branching ratios of both modes in order to 
understand their underlying mechanism. 
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G. Electroweak penguins 



Electroweak penguin diagrams contribute to all charmless B decays. The relative im- 
portance of electroweak penguin amplitudes can be read directly from Tables V-VII. In 
order to study their effects, we need to focus on those modes in which QCD penguins do not 
contribute or their effects are small. It is known that in the rare Bs decays, the decay modes 

Bs r]7r, Vtt, r]p, r]' p, (f)7v, (pp (5.38) 

do not receive any QCD penguin contributions [57] (for a detailed discussion, sec [4]) . 
Therefore, these six decay modes are predominantly governed by the largest electroweak 
penguin coefficient ag. By contrast, there are only two channels in charmless Bu and B^ 
decays that do not receive QCD penguin contributions, namely B~ — > 7r~7r° and B" p^p^, 
and they are dominated by tree diagrams. Nevertheless, there do exist several channels in 
which the QCD penguin contribution is small. Prom the Appendix we see that the amplitudes 
of the class-V decays 

S° ^ 07r°, <l>rj, (t>p\ 0^, ^ 07r+, (5.39) 

are proportional to [as + 05 — ^(07 + Og)]. Since the effective coefficients 03 and 05 are Nf^ 
sensitive, the decay rates depend very sensitively on Nf^ and are governed by electroweak 
penguins at Nf{LL) ~ 2, Nf{LR) ~ 5 or Nf{LL) ~ Nf{LR) ~ 3 where the QCD 
penguin contribution characterized by + 05 is close to its minimum (see Table III) . Unfor- 
tunately, their branching ratios are very small (see Tables VIII-X), of order (1 — 6) x 10~^. 
We also see that the electroweak penguin in 

S° ^ XV°, B+ ^ (5.40) 

is as important as the QCD penguin diagram because the latter is proportional to [a^ — 
2aQm^ / {rribms)] which involves a large cancellation. The branching ratio of the above two 
modes is of order (0.5 - 1.0) x 10"^. 

H. Theoretical uncertainties 

The calculation of charmless hadronic B decay rates suffers from many theoretical uncer- 
tainties. Most of them have been discussed before and it is useful to make a short summary 
below. 



^^The relative importance of electroweak penguin effects in penguin-dominated B decays is studied 
in [10] by computing the ratio 

B(S ^ /ii/i2)(with a7,---,aio = 0) 
= BiB h,h,) ■ ^^-^^^ 

However, because of variously possible interference of the electroweak penguin amplitude with the 
tree and QCD penguin contributions, Ryy is not the most suitable quantity for measuring the 
relative importance of electroweak penguin effects; see [4] and an example in Sec. VII. 
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• Heavy-to-light form factors and their dependence. We have considered in the present 
paper two different form-factor models: the BSW model and the LCSR approach. It 
turns out that E{B VV) is very sensitive to the form- factor ratio ^42/^1. 

• Decay constants. Since the decay constants for light pseudoscalar and vector mesons 
are well measured, the uncertainty due to this part is the least. 

• Running quark masses at the scale m^. The decay rates of penguin-dominated charm- 
less B decays are generally sensitive to the value of ms{mb). The light quark masses 
arise in the decay amplitude because equation of motion has been applied to the ma- 
trix element of {S ~ P){S + P) interactions obtained from the Fierz transformation 
of (V^ — A)(y + A) penguin operators. Since the current quark masses are not known 
precisely, this will result in large uncertainties for branching ratios. "f-f While the mea- 
sured B rj'K favors a smaller strange quark mass, a too small value of ms{mb) will 
lead to a too large B — > Ktt. 

• Quark mixing matrix elements parametrized in terms of the parameters p, 77, A, A. 
The uncertainty due to the values of p, rj and A is reflected on the uncertainty on the 
angles a, /3, 7 of the unitarity triangle. 

• Nonfactorized contributions to hadronic matrix elements. The main result of the 
present paper is to show that Nf^{LR) > 3 > Nf^{LL) ~ 2 implied by the bulk 
of the data. 

• The magnitude of the gluon momentum transfer in the timelike penguin diagram. We 
have employed k'^ — ml/2 for calculating the effective Wilson coefficients, though in 
general k'^ lies in the range ml/ 4 ^ /c^ ^ [58]. The common argument is that 
while CP violation is sensitive to the value of k^, this is not the case for the decay rate. 

• Final-state interactions (FSI). This is the part least known. Nevertheless, some qual- 
itative statement and discussion about FSI still can be made, as shown in the next 
section. 

• 1^-annihilation contribution. It is commonly believed that this contribution is negli- 
gible due to helicity suppression. Moreover, 1^-exchange is subject to both color and 
helicity suppression. The helicity suppression is likely to work because of the large 
energy released in rare B decays. 

• Spacelike penguin contribution. The spacelike penguin amplitude gains a large en- 
hancement by a factor of m%/{mbmu,d) or m\/ [mbms). Therefore, a priori there is 



■i--i-In order to avoid the uncertainty originated from the Hght quark masses, an attempt of evahiating 
the {S — P){S + P) matrix element using the perturbative QCD method has been made in [53]. It 
is found that the results are comparatively smaller than that obtained using equations of motion. 
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no convincing reason to ignore this effect that has been largely overlooked in the lit- 
erature. Unfortunately, we do not have a reliable method for estimating the spacelike 
penguins. 

VI. FINAL-STATE INTERACTIONS 

It is customarily argued that final-state interactions (FSI) are expected to play only a 
minor role in rare hadronic B decays due to the large energy released in the decay process. 
Nevertheless, phenomenologically their presence could be essential in some cases: (i) Inelastic 
scattering may account for the observed large branching ratio of B~ — > ujK~ . (ii) Some 
channels, for instance — > K^K~ receives direct contributions only from W^-cxchangc and 
penguin-annihilation diagrams, can be induced from FSI. (iii) The tree-dominated neutral 
modes, e.g., B^ tt^tt", vr^p", p^p*^, may get large enhancement from FSI. 

In general, the effects of FSI are important and dramatic for the weak decay B ^ X ii 
there exists a channel B with a sufficiently large decay rate, i.e. B{B -^Y) ^ B{B — > 
X) and if X and Y modes couple through FSI. A famous example is the decay D° — > X°7r° 
which is naively expected to be very suppressed but it gets a large enhancement from the 
weak decay D° ^ X-7r+ followed by the FSI: X-7r+ ^ Z°7r°. 

Inelastic scattering contribution to B^ uK^ 

As shown in Sec. V.F, it is difficult to understand why the observed branching ratio of 
B~ — > ujK~ is one order of magnitude larger than the theoretical expectation (1.2— 1.8)xl0~^ 
(see Table IX). There are three possible effects for enhancement: VT-annihilation, spacelike 
penguin diagrams and FSI. If the pattern B{B~ — > u;K~) » B(S~ P^K~) is observed 
experimentally, FSI may account for the disparity between ujK~ and p^K~ as the first two 
mechanisms contribute equally to both modes. The weak decays B^ K*~Tr^, K*~r]^'^ via 
the penguin process b suu and B~ {K*~-k'^, K*~7]^'\ K*^7r~ , K~p'^, K'^p'} via b sdd 
followed by the quark rescattering reactions {i^'*~7r*', K*^r]^'\ K*'^7r' , K~ p^^ K^p~} — > ujK~ 
contribute constructively to B~ ujK^ (see Fig. 13), but destructively to B^ — > pK~ . 
Since the branching ratios for B~ — > i^*~7r°, K*~ri^'^ and K*^7i~ are not small, of order 
(0.3 — 0.7) X 10~^, it is conceivable that a bulk of observed 5=*= uK^ arises from FSI 
via inelastic scattering. However, it is not clear to us quantitatively if FSI are adequate to 
enhance the branching ratio by one order of magnitude. 

Inelastic scattering contribution to B^ K'^K~ 

The decay B^ K^K'^ proceeds through the M'^-cxchangc and penguin annihilation di- 
agrams and its factorized amplitude given in Appendix B is governed by the factorized term 
{K^K^\[qq)y_^\Q){{)\{db)y_J^B^) with q = u,s. If helicity suppression works, then this fac- 
torized term and hence B{B° — > K~^K~) is anticipated to be very suppressed. Nevertheless, 
the final-state rescattering contribution to B^ — > K'^K~ from p'^p~ ,7:'^ 7r~ , • • • intermediate 
states could be sizable, in particular S° P'^ P" should have a large branching ratio of 
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FIG. 13. Contributions to i? K u from final-state interactions via the weak decays 

B~ — > K*~Tr^, K*~ri'-'^ and B~ — > K*^Tr~ followed by quark rescattering. 

order (2 — 4) x 10~^. Therefore, this decay is expected to be dominated by the rescattering 
effect [59]. A measurement of — > K'^K~ will provide information on the inelastic FSI. 
The present limit is B{B^ K+K') < 2.3 x 10"^ [38]. Another example is the decay 
B'^ (f)(f) which proceeds via the spacelike penguin diagram (see Appendix F). It receives 
indirect contributions arising from the weak decays B^ —>■ rj^'^r]^'^ followed by the rescattering 

Elastic FSI on B ^ nn 

In order to understand the effect of FSI on S — >■ tttt decays, we decompose the decay 
amplitudes into their isospin amplitudes 

MiB' ^ TT+TT-) = ^^e^'° + \/|^2e^'^ 

M{B-^n-n') = ^A2e''\ (6.1) 

where Aq and A2 are isospin and 2 amplitudes, respectively, and 5q, 62 are the corresponding 
S-wavc Tin scattering isospin phase shifts. Note that the amplitudes (6.1) for 7r"'"7r^ and 7r~7r° 
are the same as the usual invariant amplitudes, but A{B'^ 7r°7r°) — y/2A4{B^ 7r°7r°). 
To proceed we shall assume that inelasticity is absent or negligible so that the isospin phase 
shifts are real and the magnitude of the isospin amplitudes is not affected by elastic FSI. 
Theoretically, Aq and A2 are of the same sign. As stressed in Sec. V.A, model calculations 
tend to predict a branching ratio of 5° 7r"'"7r~ larger than the present limit. One possibility 
is that the isospin phase difference 6 = 60 — 62 is nonzero. In Fig. 14 we plot the branching 
ratios of tttt modes versus S. It is evident that the suppression of tt+tt^ and enhancement of 
7r°7r° become most severe when 6 ^ 70° and furthermore the latter becomes overwhelming 



40 



1.5 




0° 90° 180° 270° 360° 

6 

FIG. 14. Branching ratios of B ^ vrvr modes versus the isospin phase shift difference 6, where 
the sohd, dashed, and dotted curves correspond to tt+tt", tt'tt^, and tt^tt", respectively. Uses of 
Nf{LL) = 2, Nf{LR) = 5 and the BSW model for form factors have been made. 

at S > 90°. Note that using the Regge analysis, St,t, is estimated to be 11° in [60]. 

VII. COMPARISON WITH LITERATURE 

In this section we would like to compare our framework and results with the excellent 
paper by Ali, Kramer and Lii (AKL) [10] in which nonleptonic charmless B decays are 
studied in a great detail. Our expressions for the factorized decay amplitudes of all two- 
body hadronic decays of and B^ mesons are in agreement with AKL except that we 
have also included ly-exchange, ly-annihilation and spacelike penguin matrix elements in 
the expressions of factorized decay amplitudes, though they are usually neglected in the 
conventional calculation. Basically, our framework differs from AKL in the choice of the input 
parameters:^^ (i) The effective Wilson coefficients c^^ are obtained from the /^-dependent 
Wilson coefficient functions Cj(/i) at /i = mi, in the present paper and at yU = 171^/2 by AKL. 
Although c^^ obtained by AKL and by us are scheme and scale independent, our effective 
Wilson coefficients are gauge invariant and free of the infrared singularity, (ii) As explained 
in detail before, we treat N^^{LL) and N^^{LR) differently for nonfactorized effects, while 
Nf{LL) = Nf{LR) = Nf is assumed by AKL with the preference 1/Nf < 0.2 or A^'^ > 5. 

(iii) For the Wolfenstein parameters p and rj, we use p = 0.175 and t] = 0.370, corresponding 
to (p2 + ry2)V2 = 0.41, while p = 0.12, rj = 0.34 and {p'^ + r]^^^ = 0.36 are employed by AKL. 

(iv) To evaluate the pseudoscalar matrix element arising from the penguin interactions, we 
apply equations of motion and use the light quark masses at p = nib, while mq{p = mb/2) 
is employed by AKL. (v) We apply the usual one- mixing angle formulation to the rj — rj' 
mixing and two-mixing angle formulation to the decay constants of the f] and rj', whereas 



^^Using the same values of input parameters as [10], we are able to reproduce all the branching 
ratios of AKL except for the decays B — > This discrepancy is resolved after numerical 

corrections are made in [10] (private communication with CD. Lii). 
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AKL use the two-angle parametrization for both 77 — 77' mixing and decay constants, (vi) The 
pseudoscalar matrix elements of ?7^')-vacuum transition, characterized by the parameters 
and in (5.21), have different expressions in the present paper and in AKL. 

In spite of the differences in the aforementioned input parameters, our work does agree 
with AKL in most cases. Some noticeable differences are as follows: 

1. While our expressions for factorized amplitudes agree with AKL, we do have included 
W^-annihilation and spacelike penguin contributions. For example, the decay ampli- 
tudes of — s> /^+(*)/^-{*)^ which proceed only through PF-annihilation and spacelike 
penguin diagrams, are displayed in our Tables. 

2. Employing the same values of A^^^*^ as AKL, our predictions of branching ratios for 
tree-dominated decay modes arc in general larger than that of AKL by a factor of 1.3 
due to the difference in the use of (p^ -|- rj'^) or 

3. It was advocated by AKL that the branching ratios of the decays B~ — > (f)K~, — > 
(f)K^, B~ (f)K*^ , B^ (f)K*^ are almost equal in the factorization approach, whereas 
we found that the decay rate of i? — * (pK* is very sensitive to the form-factor ratio 
X = A^^*{ml)/Af^*{ml) and that the data oi B ^ (pK and B (pK* can be si- 
multaneously accommodated in the generalized factorization approach using the LCSR 
form factors (see Figs. 6 and 7). 

4. We have argued that theoretically and phenomenologically the effective number of 
colors for {V — A){y — A) and {V — A){y + A) four-quark operators should be treated 
differently. The data of tree-dominated decays B~ p'^vr", cutt" indicate Nf^{LL) < 3, 
while the penguin-dominated modes B" — > (f)K~,rj'K~ clearly imply N^^{LR) > 3. 
If using Nf{LL) = Nf{LR) = Nf as adopted by AKL, we found that the data of 
B~ — > (pK" and B~ — > p°7r~ cannot be accommodated simultaneously. 

5. Our prediction for B — > r]'K is significantly different from that of AKL at the small 
value of 1/A^*^. As illustrated in Fig. 8, the branching ratio of B~ — > ri'K~ predicted 
by AKL for Nf^{LL) — Nf^{LR), corresponding to the dashed curve in Fig. 8, is 
largely enhanced at small l/Nf^{LR) provided that Nf^{LL) is fixed at the value of 
2. Therefore, without adjusting other input parameters, the prediction of AKL will be 
significantly improved if N^^{LL) and N^^{LR) are treated differently. Moreover, we 
have shown that it is natural to have rj'K"^ > r]'K^ if 7 > 90°. 

6. We found that in the absence of FSI, the branching ratio of B~ — > u}K~ is expected to 
be of the same order as B{B^ P^K^) ~ (0.5 — 1.0) x 10~^, whereas the branching 
ratio predicted by AKL rises above 1 x 10^^ at the small values of 1/N°^ , ^ 0. 
We argue that if B{B~ ujK~) 3> B{B~ p^K~) is observed experimentally, then 
inelastic final-state rescattering may account for the disparity between uiK' and p^K~ . 

7. It is claimed by AKL that the decay B^ p^K^ is completely dominated by the 
electroweak penguin transitions for all values of A*"^^ and that a measurement of 
this mode will enable one to determine the largest electroweak penguin coefficient 
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ag. We found that the QCD penguin contribution to p^K^ is not small compared to 
the electroweak penguin. To illustrate this point, we compute the ratio Rw defined 
in Eq. (5.37) and obtain Rw{p^K^) = 0.12 averaged over CP-conjugate modes for 
Nf{LL) = Nf{LR) = 2, to be compared with the vahic 0.08 predicted by AKL for 
the same values of A'^^*'. It thus appears that the p^K^^ mode is almost completely 
dominated by the electroweak penguin. However, at the amplitude level, we found 

tree : QCD penguin : electroweak penguin = —0.18 + 0.54i : 1 : 1.8 — 0.14i (7.1) 

for B° p^Tf (see Table VI) and 
tree : QCD penguin : electroweak penguin = -0.32 - 0.47i : 1 : 1.8 - 0.14i (7.2) 

for B'^ p^K^, where the QCD penguin amplitude has been normalized to unity. 
It is evident that although Eqs. (7.1) and (7.2) lead to Rw = 0.12, the electroweak 
penguin contribution to the amplitude is largely contaminated by the QCD penguin 
one. Therefore, we conclude that only the Bs decay modes listed in (5.38) can provide 
a direct and unambiguous determination of ag. 



VIII. CONCLUSIONS 

Using the next-to-leading order QCD-corrected effective Hamiltonian and gauge- 
invariant, scheme- and scale-independent effective Wilson coefficients, we have systematically 
studied hadronic charmless two-body decays of B^ and B^ mesons within the framework of 
generalized factorization. Nonfactorizable effects are parametrized in terms of N^^{LL) and 
N^^{LR), the effective numbers of colors arising from {V — A){V — A) and {V — A){V + A) 4- 
quark operators, respectively. The branching ratios are calculated as a function of N^^{LR) 
with two different considerations for N^^{LL): (i) N^^{LL) being fixed at the value of 2, 
and (ii) Nf{LL) = Nf{LR). Depending on the sensitivity of the effective coefficients af 
on Nf^, we have classified the tree and penguin transitions into six different classes. Our 
main results are the following: 

• To avoid the gauge and infrared problems connected with effective Wilson coefficients, 
we have worked in the on-shell scheme to obtain gauge invariant, infrared finite c?^. 
The infrared pole is consistently absorbed into universal bound-state wave functions. 

• The relative magnitudes of tree, QCD penguin and electroweak penguin amplitudes 
of all charmless B decays are tabulated in Tables V-VII for Nf^{LR) = 2, 3, 5, oo and 
Nf^{LL) = 2 as well as Nf^{LL) = Nf^{LR). The predicted branching ratios are 
summarized in Tables VIII-X. 

• Hadronic charmless B decays without strangeness in the final state are dominated by 
the tree b uud transition. The exceptional modes are B^ Ti^r], 7i^i]', p°uj which 
proceed mainly through the penguin diagram. The first measurement of the hadronic 
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b ^ u decay B' p^vr" by CLEO indicates that 1.1 < Nf{LL) < 2.6. Therefore, 
N^^{LL) is preferred to be smaller than 3. Moreover, the current experimental infor- 
mation on B~ uoTT~ and tt^tt~ also favors a small N^^{LL). For example, 
the former implies 1.7 < Nf^{LL) < 2.5. The fact that N^^{LL) ^ 2 is favored is 
also consistent with the nonfactorizable term extracted from B (D, D*){7r, p) de- 
cays, Nf^{B — > Dtt) 2. The measurement of the ratios R1-4 of charged to neutral 
branching fractions [see Eq. (5.14)] is useful for determining Nf^(LL). 

The tree-dominated class I-III modes that have branching ratios of order 10~^ or larger 
must have one or two vector mesons in the final state. For example, it is expected that 
p-p+) ~ B(B^ p-7r+) > B(B° Tr~p+) ~ 1 x IQ-^. By contrast, the 
decay rates of penguin-dominated class-IV decays follow the pattern: r{B PaPb) > 
r(B PaVi) ~ r(B VaVb) > r(B VaPb), where Pf, or H is factorizable under the 
factorization assumption, because of various possibilities of interference between the 
penguin amplitudes governed by the QCD penguin parameters 04 and ag, Moreover, 
the penguin-dominated charmless B decays have the largest branching ratios in the 
PP mode. 

The present limit on B^ (j)K^ implies that Nf{LR) > 3.2 and 4.2 in the BSW and 
LCSR models, respectively. The data of ^ (f)K and B (j)K* can be accommodated 
simultaneously if the form-factor ratio A^^*(m|)/Af'^'(mp is less than unity. We 
found that the ratio T{B (j)K*)/T{B^ <j)K^) is 0.76 in the BSW model, while it 
is equal to 1.9 in the LCSR analysis. 

If Nf{LL) is treated to be the same as Nf{LR), we showed that B{B- r]'K^) ~ 
(2.7—4.7) X 10^^ at < 1/iV^^ < 0.5 and becomes even smaller at small when the 

charm content contribution of the 1]' is taken into account. Wc have demonstrated that 
the discrepancy between theory and experiment is significantly improved by setting 
Nl^[LL) ~ 2. In particular, the r]' charm content contribution is in the right direction. 
Therefore, the data of S — > Kr]' provide a strong support for Nf^{LL) ~ 2 and the 
relation Nf^{LR) > Nf^{LL). The mode B — > rj'K has the largest branching ratio in 
the two-body charmless B decays due mainly to the constructive interference between 
the penguin contributions arising from the {uu + dd) and ss components of the r]'. 
By contrast, the destructive interference for the rj production leads to a much smaller 
decay rate for B — > rjK. If the disparity between rj'K^ and rj'K^ is confirmed in the 
future, it could be attributed to a negative Wolfenstein's p parameter. 

The penguin-dominated class-V modes fi^ ^vr*^, (pr], (jyrj' , (jyp^ , (j)uj, B^ 07r+, ^p"*" 
depend very sensitively on A^^''^ and are dominated by electroweak penguins at 
Nf{LL) - 2, Nf{LR) - 5 or Nf{LL) - Nf{LR) - 3. The electroweak penguin 
effect in the decays — > 'K^p'^, B~ — > K~p'^ is as important as the QCD penguin 
contribution. 

Final-state interactions (FSI) are conventionally believed to play only a minor role in 
hadronic charmless B decays due to the large energy released in the decay. We showed 
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that in the absence of FSI, the branching ratio of uoK^ is expected to be of the 

same order as B{B~^ — > p^K^) ~ (0.5 — 1.0) x 10~^, while experimentally it is of order 
1.5 X 10^^. We argued that uK^ may receive a sizable final-state rescattering 

contribution from the intermediate states K*~Tr^, K*~ri^'\ K*^Tr~ , K~ p^. K^p~ which 
interfere constructively, whereas the analogous rescattering effect on B^ p^K^ is 
very suppressed. However, if the measured branching ratio p^K^ is similar to that 
of ujK'^ , then 1^-annihilation and spacelike penguins could play a prominent role. 
Likewise, the decay mode B^ — > K^K~ is expected to be dominated by inelastic 
rescattering from p+p", tt+tt" intermediate states, and S° — > (fxf) is governed by the 
rji')'q'^') intermediate channels. 

• A negative Wolfenstein parameter p or a unitarity angle 7 larger than 90° is helpful 
for explaining the tt'^'tt", K-k and r]'K data. All the known model calculations predict 
a too large tt+tt" rate compared to the recently improved limit. We have shown that 
either 7 > 105° or an isospin phase shift difference ^j^tt > 70° can account for the data 
o{ B ^ t:^tt~ . Moreover, the disparity between the rj' and rj'K^ modes can be 
accommodated by p < 0. The expected hierarchy pattern K^7r~ > K~7r^ > K~7r^ 
predicted at 7 = 65° will be modified to K-7T+ > K^n' > K'tt^ at 7 > 90° and K'n^ 
becomes close to K~7r'^ when 7 approaches to 180°. 

• Theoretical calculations suggest that the following decay modes of 5^ and 
i?^ have branching ratios are of order 10"^ or in the range of a few 
times of 10~^: r)'K~, rj'K^, p'^p~, p~7r+, p~p°, p~uj, p~7r°, K~7r~^, K^tt~, 
ir~7r°, p'^7r~ , p^TT", u!Tr~, p~r]. Some of them have been observed and the rest will 
have a good chance to be seen soon. 



Note added: Recently CLEO has reported two new measurements on the p^7r^ and 
K*V modes of the neutral B mesons [38]: ^ p+Tr" +p-7r+) = (3.5ii:o ± 0.5) x 10~^ 

and B(b" K*-TT+) = (2.21^:^1^;^) x 10"^ We see from Table IX that while the prediction 
^ p+TT- + p-7r+) = 3.7 X 10"^ is in good agreement with experiment, the observation 
that K*~'K^ ^ K'TT^ is opposite to the theoretical expectation (see the discussion in Sec. 
V.E.). 
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APPENDIX 



A. 

The factorized decay amplitudes of all charmless Bu d PP, VP , W decays are tabu- 
lated in the Appendix. The factorized terms x^^^^'^^^ have the expressions: 

XiBP,v) = {v\iq,qs)^_JO){P\iq,b),_jB) = 2fymyFr{mlW-p,), 

XiBVuV.) ^ {V^\{q^q^)^_^\Q){V^\{q,h),_,\B) = -ify.m^ 



){mB + mi)Af^'{ml) 

(Al) 



where e* is the polarization vector of the vector meson V. For a flavor- neutral M2 with the 
quark content {qq + ■ ■ ■), we will encounter the factorized term 

XiBM.M.) ^ {M,\{qq),_JO){M,\{q,b),_,\B). (A2) 

For example, 

XiB-K-,r,') ^ (^'|(,-,)^_Jo)(X-|Gs6),_j5-) = ^/;;(m| - rr4)Fo^^(mJ), 
^(B-.-,pO) ^ ^pO\^uu),_jo){n-\{db),_jB-) = V2f,m,Ff-{ml){e* -pj. (A3) 

For — > decays (see Appendix F), we have distinguished spacelike penguin matrix 
elements arising from (V — A){V + A) and {V — A)(V — A) operators, e.g., 

^(BO,.o.) ^ (0|(J6)^_J5°)(A|(««),_J0), 

Xf'""''^ = (0|(J6),_j5°)(p°a;|(««),,jO). (A4) 

As stressed in Sec. IV. B, we have included VF-exchange, VF-annihilation and spacelike pen- 
guin matrix elements in the expressions of factorized decay amplitudes, though they are 
usually neglected in practical calculations of branching ratios. 

Note that the hadronic matrix elements of scalar and pseudoscalar densities arc con- 
ventionally evaluated by applying equations of motion. However, we encounter in B^ — >■ 
PP, VV decays terms like {mT\dd\0) which cannot be directly related to the matrix element 
{7nr\d'yf^d\0) via the use of equation of motion 

-id^{qiJi^q2) = {rrii - m2)qiq2- (A5) 

Hence, the matrix element such as (7r7r|(i(i|0) has to be evaluated using a different technique. 
Unfortunately, chiral perturbation theory, which has been employed to compute the same 
matrix element occurred in i^' — tttt decay, is no longer applicable in energetic B decays. 
Since (V^|^iq'2|0) = 0, -B — > VV decays do not receive factorizable contributions from and 
as penguin terms except for spacelike penguin diagrams (see Appendixes F and G). 
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All the amplitudes listed below should be multiplied by a factor oi Gp/ V^- 



B. Wi^PP DECAYS 



KbKTs"! - ^tbVt* 04 + oio + 2(a6 + as) 



m 



K- 



a4- -aio + {2ae- as)- 

2 [mb + md)[ms - md) 



{mb - mu)(mu + ms)- 

XiBl-^K-)^ (Bl) 



3 3 
KbV;>2 - VtbVZ{--a7 + -ag) 



2 

m±-o 



1 1 ^ 
04 — 7:^10 + 2(06 — -as) 7 , X/ X 

2 2 [ms + md){mb - md) 



+ 



1 mlo 

a4 — -aio + (2a6 — as) 7 ; rj^ r 

2 [mb + md) [ms - md) 



-V,bV, 



^ ^ 1 1 
2a3 - 2a5 - -a-j + -ag 



+ 



a3 + a4 - as + (2a6 - as) 



m' 



,(') 



(1 



fu 



(') . 



2ms{mb - ms) f% 



+ 2(^7 - og - aio) 



1 



A 



+ 



04 + aio + 2(a6 + as) 



XfdK >.") + [a3-a,-a, + ag]xf>V 

X(^"dn''^j^') 

(B3) 



a4 - -«io + (2a6 - 03)7 , , 

2 [ms + md)[mb - md) 



(m^ - md){mb + m^) 



as + a4 + as - -(07 + ag + aio) 



+ 
+ 



XiBlKOK°) 



1 1 

as + as - -ay - -ag 

a4 - Jaio + (2a6 - as) , , . 
2 [ms + md)[mb - ms) 

(2a6 - as)(i^°F°|(i(l + 75)d|0)(0|J(l - 75)fe|^°)|, (B4) 



m—Q 

K 



x(bIk<^,k°) 



A{b', K^K-) = K(.K.>2Xf -^^^-) - [as + as + ay + ag] 



+ 



as + as - - 2^9 



(B5) 
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04 + aio + 2(a6 + ag) 



(m<i + m„)(mb-mj 



+ 



2as + a4 + 2a5 + - (a? + «9 — «io) 



j^(Bd,7r+7r ) 



-(2a6 - a8)(7r+7r-|J(l + ^,)d\0) {0\d{l - -i^)h\'S^ 



(B6) 



04 + ^(-^7 + Og) + ^oio - (2a6 



+ 



203 + 04 + 2a5 + - (ar + ag - aw) 



2md{mb - nid) 



(B7) 



-^tfe^tdj [203 + 04 - 2a5 - ^(07 - Og + Oio) 



+ (2a6 - as) 



^.0 



+ [03 - 05 - ay + ag] X^^' 

+ 



+ 



as - a5 + -ay - -ag 



1 1 ■ 
03 - 05 + -07 - -ag 



+ [a3-a5-a7 + ag]Xf°^''^°''''') + 



u 



+ 



2a3 + a4 + 2a5 + -(a7 + ag — aio) 



-(2a6 - as){v^\'\d{l + ^,)d\0){0\d{l - ^,)b\B',) , 



(B8) 



A(^d 



rjr] 



+Vcbv:Mx f '''''''' ^ + + ^''"?')) 

{111 
[2a3 + a4 - 2a5 - -a7 + -ag - -aio 

+ (2a6 - as) 



+ 



1 1 1 

2a3 + a4 - 2a5 - -ay + -ag - -aio 



51 



+ (2a6 - as) 



mz 



2ms{mb - rrid) f^j 



u 



+ 



+ [03 - as - ay + ag] (X^^^'?'"') + xf ^'''''')) 



+ 
+ 



03 + 05 - 2(^7 + Og) 



2a3 + a4 + 2a5 + - (ay + ag — aio) 



-{2ae - as){v'v\d{l + 75)c?|0)(0|d(l - Ts)^!^") , 



(B9) 



^ 7777) = K6Kd2a2(Xf '^^'^) + + K6Kd2a2(X(^''^'^) + X^^'*''''')) 

-VtfeV;^2| 2a3 + a4 - 2a5 - ^ay + ^ag - ^aio 



+ (2a6 - as) 



2ms{mb-md) f}} 
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+ 
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(2a6 - as)(7777|J(l +75)rf|0)(0|d(l - 75)&|^°)|, 



(BIO) 



A[B^^ r]'r]') is obtained from A{B^^ rjr)) with r) r)'. 



(Bll) 



C. B- PP DECAYS 
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+ 
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(C2) 



('))■ 



+ [03 - as - ar + ag] X^^" ^"■''''') + 
+ (2a6 - as) 



1 1 

2a3 - 205 - -a^ + -ag 



j^(s-i<:-,r;(')) 



1 



(') 



+ 



+ 



04 + Oio + 2(a6 + as)- 



m 



rus + mu){mb - my) 



oa + a4 - as + -{a-j - ag - aio) 

j^(B-r;('),Jf-) 



04 + Qio + 2(a6 + 



m 



{nis - mu){mb + m^) 



(C3) 



K'K^) = <{ KbKVi - VtbVtd a4 + aio + 2(a6 + as) 



m 



TT-TfO) = Vybv:, 



04 - 7T«io + (2^6 - 03)7 , w X 

2 {md + ms){mb-ms) 



j^{B-K-,K°) 



^-^{B-,K-KO) 

(C4) 



3 ' 

—ar + ag + aio + 2as 



{ma + md){mb - md) 





+ 2X(-^" 


'7r-,r)(')) _ 


- VtbV;dl^ 











+ 
+ 

+ 



as - 05 + 2('^7 - og) 
a4 + aio + 2(a6 + as) 



04 + ctio — 2(a6 + 



y{B-7r-,v<-">) 
u 

^(B-.-,/)) ^ - as - ar + ag] xf"'^" 

j^(B-/),7r-) 



(m^ + md){mb - mu) 



m 



B,, 



{nib + rny){md - m^) 
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D. S!! ^ FP DECAYS 



+ 



+ 



1 mH-o 

1 "^|o 

04 — TtO-IO — (2a6 — 03)7 ; TT^ ; r 

2 (m^ + nid) {rrib + m<i) 



K-p+) = Vu,V:,a^X^^^P^^''-^ 

+ 04 + oio — 2(a6 + as) 



1 "^1° 
04 — ttOio — (2a6 — 03)7 ; tt^ ; r 

2 [ms + md){m}y + md) 



m 



K- 



(ms + mu)(mb + mu) 



+ 04- -010-1206 -08)7 : ^ : ^ ^(^"^'^'^-^H, 



3 3 



+ 



1 

O4 — -OlO — (2a6 — 03)7 ; ^ ; r 



+(a4-^aio)X(^°-°'^*°)|, 



is 



03 + 04 + as - -(07 + 09 + oio) 



+ 



1 

^4 — -fllO — (2a6 — ^8)7 ; 77^^ ; r 

2 [ms + md){mb + md) 



(')) 



is 



2(03 - as) - -(07 - ag) 



+ 



03 + 04 - as - 2(~'^7 + 09 + aio) 
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-(2a6 - as) 



m 



.(') 



2ms(mb + ms) f%) 



+ [as - a^- a-j + ag] Xf'^ 
+ 04 — aio — (2a6 - 



—0^*0 



+ 



"^s + rud) {rrib + md) 



(D6) 



2a3 + 2a5 + -(07 + ag) 



+ 



+ 



(I4 — 7:^10 ~ (2a6 ~ ^8)7 ; r> , x 

2 {ms + md){mb + md) 

1 "^1° 

^4 — TtOio — (2a6 — as)-, ; rj^ ; r 

2 {nis + md) {mb + md) 



AiB", ^ p-7r+) = VubV:,!^a^X(^°-^'''-^ + a,x(^'"''--^^^ - W;,|(a4 + a^o)x( 



2a3 + a4 - 2a5 + ^(^^'^ + og - oio) 



+ 

-(2a6 - as) 



2md{mb + m<i) 



J^(Sd,p 7r+) 



(D8) 



^ p+TT") = KftKrJ aiX^^^^^''^") + aaX^^-^^-") - V^^V^/J [203 + 04 - 2a5 



1 

-2 (ar - ag + aio) - (2aa - ^s) 3^^^^^ ; 



+ 



04 + oio - 2(a6 + as) 



mt 



{mu + md){mb + my) 



XiB>,- )|, (D9) 



aA — -Oio 



■(2a6 - og) 



2md{mb + md) 



as + a4 + 05 — -(ay + ag + aio) 



(DIO) 



2 

*n f r 1 ^T70 1 0— *o 

^ V°) = -y,,y;J a4 - -aio - (2a6 - ^s)^— ^ . 



+ 



as + 04 + as - ]^{a^ + ag + aio) 



-(2a6 - as) 



2md{mb + md) 



(Dll) 
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K* K^) = -VtbV^A as - 05 - 07 + ag + 2(a6 + og) 



j^(bIk+K*-) 



+ 



1 "^i" 

03 - 05 - -(07 + ag) + (2a6 - agjr — ^ ^ r 

2 2ms{mb + nid) 



2mu(mb + md)- 



(D12) 



^ = -l/tfty/J fas - as - a7 + ag + 2(a6 + as) 



^1° 



2mu{mb + rrid) 



+ 



a3-a5-2K + ag) + (2ae-a8)-^^^^^^^ 



^(B^,K-K"+) 



+V^bV:,a,Xi''>-^*'\ 



(D13) 



+ 



«3 - «5 + 2 ("^7 - «g) 



(D14) 



^(5° ^ 07r°) = Vi,V;Jas + as - ^(a7 + a,)^X^^>'<t'\ 



(D15) 



"^tfe^wj 2a3 + a4 - 2as - -(07 - og + oio) 



-(2a6 - as) 
+ 



Bd 



2md{mb + ma) 
a4 + (2a6 — as) 



3 3 1 

2md{rab + rad) 2 2 ^ 2 



+ 



3 3 1 

-04 + + 2*^9 + 2*^10 



(D16) 



AiB", p%(')) = K5K*.«2U(^-^°''^'') + Xi^>'^'''^ + xi^^^'^'M + V^bV:da,xf^^''^''^ 



-VtbV^d 
-{2ae - as) 



2a3 + a4 - 2as - -(a7 - ag + aio) 



2md{mb + md) 
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+ 



2a3 + 04 — 205 — {2ae — as) 



m 



iC) 



■{ar - ag + aw) 



2ms(mb + md) /^(/ 



- i)V) 



1 3, 
-04 + -aio + -(07 + 09) 



(D17) 



+ 



03 - 05 + -07 - -ag 



-Vt,Vu< 



2a3 + 04 — 2a5 — -(07 — ag + aio) 



-(2a6 - og) 



2md(mb + md) 



+ 
+ 



3 3 1,^ 
2 2 2 2md{mb + md) 



X. 



2a3 + 04 + 205 + -(07 + Og - Oio) 



(D18) 



(')) 



- ^tfe^td^ 2 2a3 + 04 - 2a5 - (2aQ - ag) 



+ ^(-a7 + ag-aio)]xf°''^^''') + 



2md{mb + rud) 
2a3 + 04 — 2a5 + -(—07 + ag — Oio) 



(2a6 



»7' 



{') 



2md{mb + md) 



+ 
+ 



03 - as + -(a7 - ag) X^^^-'"^'^) + [a^ - - ar + ag] °^-'^''') 



2a3 + a4 + 2a5 + -(a7 + ag - aio) 



(D19) 



E. B- VP DECAYS 



+ 



+ 



a4 + aio - 2(a6 + ag)- 



m 



K- 



rris + mu){mb + rriu) 



a4 + aio - 2(a6 + ag)- 



m 



ms + mu){mb + m„) 



j^iB-,pOK-) 



(El) 
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3 3 



+ 



0.4 + Oio — 2(a6 + 



j^(S-,7rOK*-)|^ 



(ms + m„)(m6 + m„) 



(E2) 



«4 — -Oio — (2a6 — ^8)7 ; rr ; r 

2 {rris + md){mb + md) 



j^{B-p-,KO) 



+ 



a4 + aio — 2(a6 + ag) 



(ms + m„)(m6 + m„) 



(E3) 



A{B- ^ i^*°7r-) = '"""""^ - ^*;>^t 

04 + «io — 2(a6 + ag) 



+ 



a4 — 2^10 



j^(B-7r-,Jf*0) 



1 1 ■ 

2a3 + 2a5 + -aj + -ag 



^{B-K-,oj) 



+ 



+ 



04 + aio — 2 (as 



(ms + m„)(mb + m„) 



04 + aio — 2(a6 + as)- 



j^(B-a;,K-) 
-^{B-,ujK-) 



(E5) 



04 + oio - 2(a6 + ag) 



(ms + m„)(m6 + mu) 



-^{B-,<PK-) 



+ 



03 + a4 + 05 - -(ar + 09 + aio) 



(E6) 



^(B-K*-,/)) 



1 1 ■ 

2a3 - 205 - -07 + -ag 
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+ (a3-a5-a7 + a9)Xf"^*-'''''') + 
-(2a6-as) _ , ''^ 



(') 



+ 



04 + oio - 2(a6 + ag)- 



03 + ^4 - 05 + -(ay - Og - Oio) 



3 3 1,^ 

04 + -^7 - 7T^9 ~ o^io - (206 - osjT: / , N 
2 2 2 2md{mb + md) 



+ [04 + aio] 



+ 



04 + oio - 2{ae + ag)- 



rriu + md){mb + m^) 



j^(S-,7rV) I 



j^{B-p-,7v°) 



(E8) 



td] 



3 3 1 
-04 + -07 + + 2^10 



j^iB-n-,pO} 



+ 



+ 



04 + Oio - 2(a6 + as) 



{md + mu){mb + mu) 



04 + Oio - 2(a6 + og)- 



m 



ruu + md){mb + m„) 



j^(B-,7r-pO)|^ 



(E9) 



203 + 04 + 205 + -(Oy + ag — Oio) 



+ 04 + Oio — 2{aQ + ag) 



(md + m„)(m6 + m„) 



+ 



04 + «io — 2(a6 + ag)- 



^"^u + md)(m;, + mu) 



v{Buir ,uj) 
u 

v-{B~u),n-) 
u 

J^{B~,TT-UJ) 



(ElO) 



P V 



^ubV*d 



+K6K>2^f " ""'"'''^ - [2«3 + 04 - 2a5 + ^(-ay + ag - aio) 

-(2a6 - og)- 



2ms{mb + md) /^(/) 
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+ 



2a3 + 04 - 205 - -(ay - ag) 



+ [03 - as - ay + ag] X^^^ 



+ (a4 + aio)Xf 
2 



+ 



a4 + aio — 2(a6 + 



(m6 + m„)(md + m„ 
7r-0) = -Vib^d {«3 + as - \{a^ + ag)| X(^"-"'<^), 

-(2a6 - ag) 



04 — 2^10 



+ 



(m^ +md)(mb + ms) 
04 + aio - 2(a6 + as) 



m. 



(my, + md){mb + iriu) 



A{B- ^ X-X*°) = K^Kd^i^^^" '''"''"^ - ^*^^tS^ 
+ a4 + aio — 2(a6 + as) 



0-4 — 2^10 



m. 



mu + md){mb + my,) 



(Ell) 
(E12) 



■^{B-K-,K*0) 

XiB-,K-K'">)]^ (E14) 



F. s!! ^ DECAYS 



-Vt,V*!^{a, + aio)X(^>^'^*-) + (a4 - ^aio)X(^:i'^*-''^) 
+ (-2a6 + as)(ir*-p+|s(l + 7s)ci|0)(0|d(l-7s)6|^°)|, 



+(a4 - ^a,o)X(^>^^*") + (a4 - ^a,o)X(^S-^*V) 

+ (-2a6 + as)(i^*Vl^(l + l5)d\0){0\d{l - 75)&|5°)|, 



(Fl) 



(F2) 



K6Ca2Xf ^"""'"^ - ^t6^,:|(2a3 + 2a5 + \ar + ^ag)xf ^"""'"^ 
+ (a4 - iaio)X(^>'^") + (a4 - aio)X(^S'^"-) 

+(-2a6 + a8)(X*'^u;|s(l + ^s)d\0) {0\d{l - ^,)b\B^a)\, (F3) 
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K 



■*o 



[ 1 (B^K*^ (A) 

-VtbVtsi [as + 04 + 05 - -(07 + ag + aio)\Xl " 



+(04 - 2«io)^^^° 



+(-2a6 + a8)(i^*V|s(l + 75)c?|0)(0|ci(l - 75)6|S^) ^, 



(F4) 



03 + 04 + 05 - -(07 + 09 + Oio) 



+ 



1 1 ■ 



2 



(F5) 



+ {a3 + a5 - -ar - -ag)X's 



(F6) 



{S«p+p-) 



+ [2a3 + 04 + -(ag - aio)]Xw 



+ (2a5 + -ar)^:, 



+(-2a6 + a8)(pV|rf"(l + 75)(^|0>(0|J(1 - 75)&|^°) , 



(F7) 



-^tftl^dS] [-04 + 2(307 + Sag + aio)]xi'''''°''°^ 



+ 



203 + 04 + - (ag - Oio) 



+ (-2a6 + a8)(pV°Mll + 75)c?|0)(0| J(l - 75)&|5°) , 



(F8) 



1 1 1 
203 + 04 + 205 + -a-r + -og - -Oio 



+ 



3 3 1 
-a4 + -a7 + -ag + -aio 



xf>'^"^ + (-a4 + ^ag + la,o)xf^-°^ 



+^a7xf ^'"''"^ + (-2a6 + a8)(V|d(l + 75)^i|0>(0|d(l - 75)&|S°)|, (F9) 
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-VtiV;J^{Aa^ + 2a4 + 4a5 + ay + ag - aio)xf ^""'"^ 



+ 



2a3 + a4 + ^(ag - aio)]xf ^"'"''^ + (2a5 + ^a,)X^^ 



+(-2a6 + a^){ujuj\d{l + 75)d|0)(0| J(l - 75)&|^°) L 



td 



1 1 ■ 

03 + 05 - 2'^7 - 2'^9 



1 1 ■ 

as + 05 - -07 - 



03 + 05 - 2«7 - 2^9 



G. B- VV DECAYS 



A{B- ^ K*-p') = KbV; 



-2(a6 + as){K*-p'>\sil + 75)m|0)(0|«(1 - 75)&|5")|, 



1 



A{B- K*%-) = -Vt,V:A {a, - ^aio)X(^-''-'^") 



(a4 + aio)X(^-'^-^") 



-2(a6 + a8)(p-ir*0|s(l + 75)m|0)(0|m(1 - ^5)b\B-) 



-W,:|(a4 + aio)X(^"'^'^*') + 
+(a4 + aio)^^^"''^^*") 

-2(a6 + a8)(i^*-a;|s(l + j,)u\0) {0\u{l - 75)&|5")|, 



1 1 ■ 
2a3 + 2a5 + -ar + -Og 
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A{B- ^ K*-ct)) = KbV;>i^^^"'^''*"^ - VtbV;,!^ 



as + a4 + 05 



-2(a6 + a8)(i^*-0|s(l + ^,)u\0){0\u{l - ^,)b\B-)\, 



-2(a6 + as){K*-K*''\d{l + -f,)u\0) {0\u{l - 75)&|5")|, 
A{B- ^ = -^/2A(b', ^ pV), 



-2{ae + a8)(pV~M(l + l5)u\0) {0\u{l - ^,)b\B-)\, 



(04 + aio)X 



{B-u},p- 



+ 



^111' 

203 + 04 + 205 + -07 + -ag - -aio 



^f"''"'"^ + («4 + aio)^r 



- 2(a6 + a8)(p-u;|d(l + 75)^i|0)(0|iZ(l -75)6|S- 
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Table V. Relative magnitudes of tree, QCD penguin and electroweak penguin amplitudes for charm- 
less Bu^d ~^ PP decays shown in first, second and third entries, respectively. Predictions are made 
for /c2 = ml/2, rj = 0.370, p = 0.175, and Nf{LR) = 2,3,5,oo with Nf{LL) being fixed to be 
2 in the first case and treated to be the same as N^^{LR) in the second case. The BSW model 
is used for heavy-to-light form factors. Results for CP-conjugate modes are not listed here. For 
tree-dominated decays, the tree amplitude is normalized to unity. Likewise, the QCD penguin am- 
plitude is normalized to unity for penguin-dominated decays. Our preferred predictions are those 
for Nf{LL) = 2 and Nf{LR) = 5. 



Decay 


Class 




Nf{LL) = 2 












2 


3 


5 


oo 


2 


3 


5 


oo 




— > TT+TT 


I 


1 


1 


1 


1 


1 


1 


1 


1 








-0.04+0. 17i 


-0.04+0. 17i 


-0.05+0.18i 


-0.05+0. 18i 


-0.04+0.17i 


-0.04+0.171 


-0.04+0.171 


-0.04+0.181 








0.004i 


0.004i 


0.004i 


0.004i 


0.004i 


-0.0004 


-0.0031 


-0.011 




II, VI 


1 


1 


1 


1 


1 


1 


1 


1 








0.17-0.64i 


0.17-0.66i 


0.17-0.67i 


0.18-0.69i 


0.17-0.641 


1.6-6.31 


-0.31+1.21 


-0.12+0.481 








0.15i 


0.14i 


0.14i 


0.14i 


0.151 


0.05+1.31 


-0.01-0.241 


-0.081 




— > 777? 
'I'l 


II, VI 


1 


1 


1 


1 


1 


1 


1 


1 








-0.17+0.84i 


-0.18+0.91i 


-0.19+0.97i 


-0.21+1. li 


-0.17+0.841 


-1.6+8.21 


0.31-1.61 


0.12-0.631 








0.01+O.lOi 


0.01+O.lOi 


0.01+O.lOi 


0.01+0.09i 


0.01+0.101 


0.12+1.01 


-0.02-0.21 


-0.01-0.081 




m' 


II, VI 


1 


1 


1 


1 


1 


1 


1 


1 










-0.16+0.85i 


-0.17+l.Oi 


-0.2+1.3i 


-0 1 3-1-0 fi4i 


-1.2+6.41 


23-1 3i 


OQ-0 'ill 








0.012i 


0.012i 


0.012i 


0.012i 


0.0121 


0.04+0.191 


-0.01-0.05i 


-0.021 




II, VI 


1 


1 


1 


1 


1 


1 


1 


1 








-0.13+0.45i 


-0.14+0.79i 


-0.15+1. li 


-0.17+1. 5i 


-0.13+0.451 


-1.1+4.71 


0.21-0.971 


0.07-0.401 








-0.01-0.06i 


-0.01-0.06i 


-0.01-0.06i 


-0.01-0.06i 


-0.01-0.061 


-0.12-0.51 


0.02+0.091 


0.01+0.031 


B- 




III 


1 


1 


1 


1 


1 


1 


1 


1 






































0.03i 


0.03i 


0.03i 


0.03i 


0.031 


0.031 


0.031 


0.031 


B- 


— » 7r~?7 


III 


1 


1 


1 


1 


1 


1 


1 


1 








-0.08+0.30i 


-0.08+0.32i 


-0.08+0.34i 


-0.09+0.36i 


-0.08+0.301 


-0.10+0.381 


-0.12+0.451 


-0.18+0.611 








0.02i 


0.02i 


0.02i 


0.02i 


0.021 


0.031 


0.031 


0.041 


B- 


— » 7r~r)' 


III 


1 


1 


1 


1 


1 


1 


1 


1 








-0.07+0.23i 


-0.09+0.31i 


-0.1+0.37i 


-0.12+0.46i 


-0.07+0.231 


-0.1+0.31 


-0.14+0.371 


-0.24+0.521 








-O.Oli 


-O.Oli 


-O.Oli 


-O.Oli 


-O.Oli 


-0.021 


-0.021 


-0.031 


-» K-n+ 


IV 


-0.04+0.22i 


-0.04+0.22i 


-0.04+0.21i 


-0.04+0.21i 


-0.04+0.221 


-0.04+0.221 


-0.04+0.221 


-0.04+0.221 








1 


1 


1 


1 


1 


1 


1 


1 




- 

K -K 




0.02 


0.02 


0.02 


0.02 


0.02 


0.0021 


-0.02+0.011 


-0.03+0.011 


B- 


IV 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.01 


-0.01 


-0.01 


-0.01 


-0.01 


-0.0011 


0.002-0.0011 


0.01 


B- 


-^K-K° 


IV 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.01 


-0.01 


-0.01 


-0.01 


-0.01 


-0.0011 


0.01 


0.02-0.011 
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Table V. (continued) 



Decay 






Ar«ff(LL) = 2 






Nf{LL) = 


: Nf{LR) 




2 


3 


5 


oo 


2 


3 


5 


oo 






VI 


n 09-0 lOi 


0.02-0.09i 


0.02-0.09i 


09-0 OJ^i 


09-0 1 Oi 


-0.011 


_0 01 4-0 C\^\ 


-0 0^4-0 1 








I 


1 


1 


I 


\ 


I 


I 


I 








_n 09-1-0 01 i 


-0.024-0.011 


-0.02-l-O.Oli 


094-0 004.1 


094-0 01 1 


-0.01 


-0.001 


0.01 






VI 


U.ll-U.ZYl 


0.09-0.2i 


0.08-0. 16i 


U.Ub-U.loi 


0.11-U.271 


U.Ul-U.Uol 


-U.Uo-|-U.loi 


-O.lo+U.ool 








1 


1 


1 


1 


1 


1 


1 


1 








-O.lY+U.UYl 


-u. iz-ru.uoi 


n 1 _i_n CiAi 


-U.Uo-t-0.U3i 


-0.17+0.071 


-0.14+O.Uoi 


-0.13+O.Uoi 


nil 1 f\ f\ At 

-0.11+0.U41 






VI 


0.01-0.05i 


0.01-0.05i 


0.01-0.04i 


0.01-0.04i 


0.01-0.051 


-0.011 


0.031 


-0.01+0.061 








1 


1 


1 


1 


1 


1 


1 


1 


bI 






-0.14+0.04i 


-0.14+0.04i 


-0.13-f0.04i 


-0.13-f 0.041 


-0.14+0.041 


-0.13+0.041 


-0.12+0.041 


-0.11+0.031 


VI 


-0.10-0.05i 


-0.11-0.05i 


-0.11-0.06i 


-0.12-0.06i 


-0.10-0.051 


-0.01-0.011 


0.06+0.031 


0.15+0.071 








1 


1 


1 


1 


1 


1 


1 


1 


b2 






-0.19+0. 05i 


-0.20+0.05i 


-0.21-|-0.05i 


-0.22+0.06i 


-0.19+0.051 


-0.18+0.051 


-0.18+0.051 


-0.17+0.051 


VI 


0.08-O.Oli 


0.07-O.Oli 


0.06-O.Oli 


0.06 


0.08-0.011 


0.01 


-0.04+O.Oli 


-0.11+0.011 








1 


1 


1 


1 


1 


1 


1 


1 








-0.03+O.Oli 


-0.03+0.01i 


-0.03-l-O.Oli 


-0.02-l-O.Oli 


-0.03+0.011 


-0.02+0.011 


-0.01+0.0041 


-0.004 






VI 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.01 


-0.01 


-0.01 


-0.01 


-0.01 


-0.0011 


0.01 


0.02-0.011 


B- 




VI 


-0.05+0.27i 


-0.05-|-0.26i 


-0.04-f0.26i 


-0.04-|-0.25i 


-0.05+0.271 


-0.04+0.231 


-0.04+0.21 


-0.03+0.151 








1 


1 


1 


1 


1 


1 


1 


1 








0.15-0.04i 


0.15-0.04i 


0.14-0.04i 


0.13-0.041 


0.15-0.041 


0.13-0.041 


0.11-0.031 


0.09-0.031 


B- 


-*K-r) 


VI 


-0.03-0.40i 


-0.03-0.43i 


-0.04-0.45i 


-0.04-0.481 


-0.03-0.401 


0.06-0.361 


0.13-0.331 


0.22-0.291 








1 


1 


1 


1 


1 


1 


1 


1 








-0.24+0.05i 


-0.25+0.06i 


-0.26+0.06i 


-0.27+0.071 


-0.24+0.051 


-0.19+0.041 


-0.14+0.041 


-0.09+0.021 


B- 


K-ri' 


VI 


0.07+0.07i 


0.06+0.06i 


0.06+0.05i 


0.05+0.051 


0.07+0.071 


0.081 


-0.05+0.081 


-0.12+0.081 








1 


1 


1 


1 


1 


1 


1 


1 








-0.02-l-O.Oli 


-0.02-l-O.Oli 


-0.02-l-O.Oli 


-0.02+0.011 


-0.02+0.011 


-0.02+0.011 


-0.02+0.011 


-0.02+0.011 
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Table VI. Same as Table V except for charmless Bu,d VP decays. 



Decay 


Class 




NfiLL) = 2 












2 


3 


5 




2 


3 


5 






— > p 7r+ 


I 


1 


1 


1 


1 


1 


1 


1 


1 










-0.02-f0.08i 


-0.02-f-0.08i 


_n 09-1-0 OSi 


— u.u^n^u.uoi 


-0 09-1-0 08i 

U.U^T^U.UOl 


_0 09-UO OQi 
-u.u.^^u.uyi 


_0 09-1-0 OQi 
-u.u^T^u.uyi 








O.Oli 


O.Oli 


O.Oli 


O.Oli 


O.Oli 


0.0011 


-0.002i 


-0.0061 


— > p^7r~ 


I 


1 


1 


1 


1 


1 


1 


1 


1 








-U.Ull 


-O.Oli 


-0.02i 


-U.UZl 


-U.Ull 


-U.UU^l 


nn9i 
-u.uuzi 


U.UUol 








n nil 

U.Ull 


O.Oli 


O.Oli 


ni i 


U.Ull 


001 i 
U.UUll 


009i 

-u.uuzi 


OO^ii 

-u.uuui 




p+K- 


I,IV 


1 


1 


1 


1 


1 


1 


1 


1 








u.zo-ru. 1 1 


0.24-|-0.83i 


0.26-|-0.95i 


n 98-1-1 1 i 


U.Zo-pU. 1 1 


O 1 S4-0 R1 i 
U.lOT^U.Dll 


u. lo-ru.ool 


oil -UO A71 

u. ii-rU.4 ( 1 








-U.Uu-U. -L1 


-0.05-O.lli 


-0.05-O.lli 


0"^ 1 1 i 
-U.UU-U. 1 11 


0"^ 1 1 

-U.UO-U. 11 


01 0*^1 
-U.Ul-U.UOl 


01 -uo n'ii 
u.uin^u.uoi 


Oi^-UO li 
U.UUT^U. 11 




^p°7r° 


TT 
il 


1 


1 


1 


1 


1 


1 


1 


1 








flM-fl 27i 


0.08-0.27i 


0.08-0.26i 


nS-O 2fii 

U.UO U.^Ul 


08-0 27i 


0.77-2.71 


U. lOT^U. UOl 


-0 nfi-l-O 22i 








U. -LOl 


0.15i 


0.15i 


1 
U. lOl 


1 f^i 
U. lOl 


1 "^i 


-0 241 


OQi 

-u.uyi 






TT 
il 


1 


1 


1 


1 


1 


i 


1 


1 








-0.5+1.6i 


-0.36-l-l.Oi 


-0.29-|-0.72i 


-0 18-t-O 9fii 

— U. lOT^U.^Ul 


-0.5-fl.6i 


-2.7+7.3i 


9S-0 

U. U.011 


-0 09-1-0 94i 

— U.U^T^U-.^ll 










0.0H-0.23i 


0.0H-0.23i 


01 4-0 9*^1 
U.UlT^U.ZOl 


01 4-0 9^1 
U.UIT^U.ZOI 


U.UU^Z.Ol 


01 f^9i 
-U.Ul-U.OZl 


01 99i 
-U.Ul U. Z.^1 


— > UIT] 


II 


1 


1 


1 


1 


1 


1 


1 


1 








n 1 -i-H 9Qi 


-0.08-|-0.18i 


-0.06-1-0. Hi 


O 04_0 01 i 
-U.U^U.Ull 


O 1 4_0 9Qi 

-u. iT^u.zyi 


O P;9-l-0 QSi 

-u.oz-j-u.yoi 


OA4-0 OP;i 
U.U^T^U.UOl 


O 09-1-0 1 4i 

-u.uz-ru. if4i 








U.UUl 


0.06i 


0.06i 


U.UUl 


ORi 
U.UUl 


0*^-1-0 f\A\ 
U.UOt^U.U^I 


01 1 "^i 
-U.Ul-U.lOl 


Ofii 
-U.UUl 




II 


1 


1 


1 


1 


1 


1 


1 


1 








n 1 4-0 1 
-U. J-T^U. It^l 


-0.1+0.16i 


-0.1+0. 17i 


-u. i^u. lyi 


n 1 4-0 1 f^i 
-U. IT^U. lOl 


fil 9'^i 
-U.Ul-U.ZOl 


074-0 9f^i 
U.U 1 T^U.ZUl 


21i 










-O.Oli 


-0.004i 


-U.UU^l 


o nozii 

-U.UU^l 


o OA noli 

U.U^-U.Ull 


n9i 


01 i 
-U.Ull 




A 


II 


1 


1 


1 


1 


1 


1 


1 


1 








0.25-0.5i 


0.26-0.521 


0.26-0.54i 


0.26-0. 59i 


0.25-0.51 


2.5-5.51 


-0.48+1.21 


-0.19+0.49i 








-0.03+0.21i 


-0.03-|-0.22i 


-0.03-l-0.22i 


-0. 03-1-0. 22i 


-0.03-1-0.21 


-0.27+1.81 


0.05-0.31 


0.02-0.101 


a 


P°ri' 


II,VI 


1 


1 


1 


1 


1 


1 


1 


1 








0.26 


0.51-0.35i 


0.71-0.67i 


1.0-1. li 


0.26 


2.8-0.721 


-0.6+0.31 


-0.26+0.201 








-0.14+0.43i 


-0.16-f0.45i 


-0. 164-0. 46i 


-0.17-l-0.46i 


-0.14+0.431 


-1.4+4.0i 


0.26-0.731 


0.1-0.26i 


B- 


-^P°7r- 


III 


1 


1 


1 


1 


1 


1 


1 


1 








0.03-0. 12i 


0.03-0. 12i 


0.03-0. 12i 


0.03-0. 13i 


0.03-0.121 


0.04-0.171 


0.06-0.231 


0.12-0.481 








0.05i 


0.05i 


0.05i 


0.05i 


0.051 


0.061 


0.081 


0.141 


B- 


-»p-7rO 


III 


1 


1 


1 


1 


1 


1 


1 


1 








-0.02+0.08i 


-0. 02-1-0. 08i 


-0. 02-1-0. 08i 


-0.02-|-0.08i 


-0.02+0.081 


-0.03+0.09i 


-0.03+0.101 


-0.03+0.111 








-O.Oli 


-O.Oli 


-O.Oli 


-O.Oli 


-0.011 


-O.Oli 


-O.Oli 


-0.02i 


B- 


— > (jJ'K~ 


III 


1 


1 


1 


1 


1 


1 


1 


1 








-0.05-|-0.17i 


-0.04-1-0. Hi 


-0. 03-1-0. 07i 


-0.02-l-O.Oli 


-0.05+0.171 


-0.040.111 


-0.03+0.041 


0.02-0.211 








O.Oli 


O.Oli 


O.Oli 


O.Oli 


0.011 


0.021 


0.031 


0.041 


B- 


p~r] 


III 


1 


1 


1 


1 


1 


1 


1 


1 








O.Oli 


-O.Oli 


-0.02i 


0.01-0.03i 


0.011 


0.011 


O.Oli 


0.011 








O.OOli 


0.0004i 


0.0004i 


0.0004i 


O.OOli 


-0.0021 


-0.0051 


-0.011 


B- 


P~ri' 


III 


1 


1 


1 


1 


1 


1 


1 


1 








-0. 04-1-0. 07i 


-0.06+0.12i 


-0.06-1-0. 16i 


-0.08+U.i3i 


-0.04+0.071 


-0.05+U.U91 


-O.Oo+O.lli 


-0.07+0.151 








0.02i 


0.02i 


0.02i 


0.02i 


0.021 


0.021 


0.021 


0.021 


B- 


-^p°K- 


TTT \7'T 
ill, Vi 


± 


1 


1 


i 


± 


i 


± 


i 








u. j-OT^u.^yi 


0.17-|-0.59i 


0.18-|-0.67i 


n 9-j-n 7Qi 


1 fi-l-O 4Qi 
u. lUT^u.^yi 


u. loT^u.oyi 


9-1-0 71 1 

U.Z-|-U. 1 11 


97-1-1 1 i 
U.^ / T^l. 11 








-u.oo-u.yi 


-0.38-0.89i 


-0.38-0.9i 


-u.oc5-u.yi 


^8 Qi 

-u.oc5-u.yi 


O AH 1 1 i 
-U.^o-1. 11 


fi9 1 Ai 
-U.OZ-1.41 


1 1 9 I^i 
-1. 1-Z.Ol 




K*-TT+ 


IV 


-0.08-1-0. 54i 


-0.08-f0.54i 


-0.08-t-0.54i 


-0.08+0.54i 


-0.08+0.541 


-0.08+0.52i 


-0.08+0.511 


-0.08+0.491 








1 


1 


1 


1 


1 


1 


1 


1 




K TT 




0.05-0. Oli 


0.05-O.Oli 


0.05-O.Oli 


0.05-O.Oli 


0.05-0.011 


0.01 


-0.02+0.011 


-0.06+0.02i 


B- 


IV 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.03-l-0.01i 


-0.03+O.Oli 


-0.03-l-0.01i 


-0.03+O.Oli 


-0.03+0.011 


-0.004 


0.01 


0.03-0.011 


B- 


^ K*Ok- 


IV 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.03-l-O.Oli 


-0.03-t-O.Oli 


-0.03-l-O.Oli 


-0.03+O.Oli 


-0.03+0.011 


-0.004 


0.012 


0.03-0.011 


B- 


-* K*-K° 


IV 
































1 


1 


1 


1 


1 


1 


1 


1 








0.09 


0.08 


0.07 


0.06 


0.09 


0.03 


-0.03+O.Oli 


-0.15+0.031 



66 



Table VI. (continued) 



Decav 


Class 




Nf{LL)=2 






Nf{LL) = 


: Nf{LR) 








2 


3 


5 


00 


2 


3 


5 


00 


si! 




V 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.35+0.12i 




1 S-l-O 27i 


0.34-0.04i 


-0.35+0.121 


1. +0.061 


0.28-0.041 


0.14-0.031 




<t>V 


V 





U 


n 
U 























1 


1 


1 


1 


1 


1 


1 


1 








-0.35+0. 12i 


_n Q7-un fiOi 


1 S-l-fl 27i 


0.34-0.041 


-0.35+0.121 


1. +0.061 


0.28-0.041 


0.14-0.031 






V 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.35+0. 12i 


.n Q7-i-n 62i 


1 3-1-0 27i 


0.34-0.041 


-0.35+0.121 


1. +0.061 


0.28-0.041 


0.14-0.031 


B~ 


— ^ (pTT 


V 





U 


n 
u 























1 


1 


1 


1 


1 


1 


1 


1 


a 






-0.35+0.12i 


-0.97+0.62i 


1.3+0.27i 


0.34-0.041 


-0.35+0.121 


1. +0.061 


0.28-0.041 


0.14-0.031 


VI 
































1 


1 


1 


1 


1 


1 


1 


1 








0.09 


0.08 


0.07 


0.06 


0.09 


0.03 


-0.03+0.011 


-0.15+0.031 


^d 


— > i\ 7\ 


VI 





U 


u 























1 


1 


1 


1 


1 


1 


1 


1 








-0.03+O.Oli 


-0.03+O.Oli 


-0.03+O.Oli 


-0.03+O.Oli 


-0.03+0.011 


-0.004 


0.012 


0.03-0.011 


^d 


— > l\ TV 


VI 


0.01-0.07i 


u.ui-u.u 1 1 


u.ui-u.u 1 1 


0.01-0.071 


0.01-0.071 


-0.011 


-0.01+0.031 


-0.01+0.081 








1 


1 


1 


1 


1 


1 


1 


1 








-0.21+0.07i 


-0.21+0.07i 


-0.21+0.07i 


-0.21+0.071 


-0.21+0.071 


-0.18+0.061 


-0.16+0.051 


-0.13+0.041 


Bd 


p K 


VI 


-0.18+0.54i 


-U. 14t-t-U.101 


n 1 j_n A Qi 

-U.iz-|-U.4l:Ol 


-0.09+0.371 


-0.18+0.541 


-0.02+0.071 


0.12-0.411 


0.32-1.31 








1 


1 


1 


1 


1 


1 


1 


1 








1.8-0.14i 


1.6-0. 18i 


1.4-0.18i 


1.2-0.181 


1.8-0.141 


2.1-0.221 


2.3-0.31 


2.7-0.461 


-5O 
^d 


— > UJJ\ 


VI 


0.02+0.28i 


n Q9 n '^Qi 




0.03-0.111 


0.02+0.281 


0.01-0.031 


-0.02+0.061 


-0.02+0.091 








1 


1 


1 


1 


1 


1 


1 


1 








0.21-0. li 


-0.6-0.6i 


-0.22 


-0.10+O.Oli 


0.21-0.11 


-0.27 


-0.12+0.021 


-0.08+0.021 




— > K 71 


VI 


0.07+0.03i 


0.06+0.03i 


0.06+0.03i 


0.05+0.021 


0.07+0.031 


0.01 


-0.04-0.021 


-0.10-0.041 








1 


1 


1 


1 


1 


1 


1 


1 








0.11-0.04i 


10-0 03i 


09-0 03i 


0.08-0.031 


0.11-0.041 


0.13-0.041 


0.14-0.041 


0.16-0.051 


^d 


-» K*°n' 

— > J\ Tf 


VI 


-0.58-0.67i 






0.28-0.091 


-0.58-0.671 


-0.06-0.111 


0.01+0.821 


-1.3+1.51 








1 


1 


1 


1 


1 


1 


1 


1 








0.43+0.32i 


-0 1 7-1-0 5fii 


-0.24-1- 0.22i 


-0.16+0.091 


0.43+0.321 


0.28+0.351 


0.07+0.31 


0.02-0.031 


Bd 


— > (pl\ 


VI 
































1 


1 
1 


i 


1 


1 


1 


1 


1 








-0.11+0.03i 


-0.13+0.041 


-O.lo+O.Ooi 


-0.22+0.081 


-0.11+0.031 


-0.13+0.041 


-0.16+0.051 


-0.32+0.121 


D 


V I^* — ^0 
— > I\ TT 


VI 


-0.09+0.59i 


n no 1 n c^oj 

-u.uy+u.oyi 


n no 1 n ko? 

-u.uy+u.oyi 


-0.09+0.591 


-0.09+0.591 


-0.08+0.521 


-0.08+0.481 


-0.07+0.431 








1 


1 
1 


i 


1 


1 


1 


1 


1 








0.19-0.06i 


O.lo-O.Obi 


O.lo-O.Obi 


0.18-0.061 


0.19-0.061 


0.13-0.041 


0.10-0.031 


0.05-0.021 


B- 


^p-K 


VI 
































1 


1 


1 


1 


1 


1 


1 


1 








0.09 


0.07 


0.06 


0.06 


0.09 


0.03 


-0.03+0.011 


-0.13+0.031 


B- 


—>■ 4)K- 


VI 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.11+0.03i 


-0.13+0.04i 


-0.16+0.05i 


-0.22+0.081 


-0.11+0.031 


-0.13+0.041 


-0.16+0.051 


-0.32+0.121 


B- 


-^K*-r) 


VI 


0.44i 


0.4i 


0.37i 


0.331 


0.441 


-0.06+0.411 


-0.11+0.391 


-0.17+0.361 








1 


1 


1 


1 


1 


1 


1 


1 








0.19-0.05i 


0.17-0.05i 


0.16-0.04i 


0.14-0.041 


0.19-0.051 


0.14-0.041 


0.10-0.031 


0.05-0.021 


B- 


K*-r)' 


VI.III 


0.31-1.2i 


1.8-0.18i 


0.85+0.55i 


0.34+0.41 


0.31-1.21 


1.4-0.821 


2.6+0.481 


1.1+3.81 








1 


1 


1 


1 


1 


1 


1 


1 








0.17+0. 07i 


-0.01+0.26i 


-0.10+0. Hi 


-0.07+0.041 


0.17+0.071 


0.25+0.181 


0.26+0. .391 


-0.13+0.61 


B- 




VI,III 


-0.06+l.Oi 


3.0-1.6i 


0.34-0.84i 


0.11-0.391 


-0.06+1.01 


0.29-0.711 


0.06-0.241 


0.02-0.081 








1 


1 


1 


1 


1 


1 


1 


1 








0.33-0. 17i 


0.97-0.76i 


-0.33-O.Oli 


-0.15+0.021 


0.33-0.171 


-0.30+0.011 


-0.11+0.021 


-0.05+0.011 
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Table VII. Same as Table V except for charmless Bu,d VV decays. 



Dncav 


Class 




Nf{LL) = 2 
















2 


3 


5 




2 


3 


5 






^ P 


T 
i 


i 


1 


1 


i 


± 


± 


i 


i 








1 7-t-n ofii 

U. J. t T^U.UUl 


0.17-|-0.06i 


0.17-f0.06i 


n 1 7-1-0 Ofii 


n 1 74-0 Ofii 


1 S-t-0 Ofil 


1S4-0 Ofii 


1Q-4-0 Ofii 








0.01 


0.01 


0.01 


0.01 


0.01 


0.001 


-0.01 


-0.01 




II 


1 


1 


1 


1 


1 


1 


1 


1 








-0.77-U.25i 


-0.77-0.25i 


-0.77-0.25i 


-0. 77-0.251 


-0. 77-0.251 


-7.7-2.41 


1.5+0.471 


/ • 1 1 "1 ■ 

0.61+0. 181 








0.32-1-0. Oil 


0.32-t-0.02i 


0.32-t-0.02i 


r\ no 1 f\ oo" 

0.32+0.021 


r\ oo 1 r\ oo" 

0.32+0.021 


O O 1 O "1 r?" 

2.9+0.171 


o r" o r\ o o " 

-0. 53-0.031 


10 1 ■ 

-0. 19-0.011 


B°a 


— » WW 


II 


1 


1 


1 


1 


1 


1 


1 


1 








1.3-|-0.46i 


0.9H-0.35i 


0.63-|-0.27i 


0.2+0.151 


1.3+0.461 


5.9+2.4i 


-0.27-0.2i 


0.34+0.061 








0.08-l-O.Oli 


0.08-l-O.Oli 


0.08-(-0.01i 


0.08+0.011 


0.08+0.011 


0.92+0.051 


-0.2-O.Oli 


-0.09 


B- 




III 


1 


1 


1 


1 


1 


1 


1 


1 






































0.07 


0.07 


0.07 


0.07 


0.07 


0.07 


0.07 


0.07 


B- 


— > p~ U) 


III 


1 


1 


1 


1 


1 


1 


1 


1 










0.3-l-O.lli 


0.25-|-0.09i 


n 1 8-i-n 07i 


Sfi-t-0 1 2i 


111 


244-0 OQi 










0.02 


0.02 


0.02 


0.02 


0.02 


0.02 


0.02 


0.02 




K*-p+ 


IV 


-0.22+0.07i 


-0.22-|-0.07i 


-0.22-l-0.07i 


-0.22+0.07i 


-0.22+0.07i 


-0.21+0.07i 


-0.21+0.06i 


-0.2+0.06i 








\ 


1 


1 


\ 


\ 


\ 


\ 


\ 






IV 


U.UU U.U-Ll 

0.05-0.02i 


0.05-O.Oli 
0.05-0.02i 


0.05-O.Oli 
0.05-0.02i 


0"^ 01 i 

U.UO "J. U -Ll 

0.05-0.02i 


0^^ 01 i 

U.U J U. U -Ll 

0.05-0.02i 


0.01 
0.01 


09-1-0 01 i 

-0.03+O.Oli 


OR-I-O 09i 

-0.06+0.02i 








1 


1 


1 


1 


1 


1 


1 


1 






IV 


-0.38+0. li 



-0.38-fO.li 



-0.38-fO.li 



-0.38+0.11 




-0.38+0.11 



o o 1 o oo • 

-0.34+0.091 



o oo 1 o oo* 

-0.32+0.081 



00 1 0^* 
-0.29+0.071 










1 


1 


1 


1 


1 


1 


1 


1 








-O.U,5-|-O.Uii 


-0.03+O.Oli 


-0.03+0. Oil 


-0.U3+0.U11 


-U.03+U.U11 


-0.004 


0.01 


0.03-0. Oil 


B- 


-^K*-pO 


IV 


-0. 27-1-0. 09i 


-0.27-|-0.09i 


-0.27+0.09i 


-0.27+0.091 


-0.27+0.091 


n oo 1 n ot; 

-0.22+0.071 


-0.18+0.001 


-0.14+0.U41 








1 


1 


1 


1 


1 


1 


1 


1 




K p 




0.4-0. Hi 


0.4-O.lli 


0.4-O.lli 


0.41-0. Hi 


0.4-0.111 


o o ^ o oo • 

0.34-0.091 


000 o^* 

0.3-0.071 


0.26-0.061 


B- 


IV 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.03+0.011 


-0.03-l-O.Oli 


-0.03+O.Oli 


-0.03+0.011 


-0.03+0.011 


-0.004 


0.01 


000 1 ■ 

0.03-0.011 


B- 


-* K*-K*° 


1 V 


u 








n 
U 


u 


u 


n 
U 


n 
U 








1 


1 


1 


1 


1 


1 


1 


1 








_n rm-ni nn 

u.uon^u.uxi 


-0.03+O.Oli 


-0.03+O.Oli 


-0 0*^-1-0 01 1 


_0 0^-1-0 oil 


-0.004 


0.01 


0^-0 01 i 






V 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.35-1-0. 12i 


-0.97-|-0.62i 


1.3+0.27i 


0.34-0.041 


-0.35+0.121 


1 O 1 O f\f* • 

1.0+0.061 


00 f\ r\ A * 

0.28-0.041 


1 y< OO* 

0.14-0.031 


— > U!(f> 


V 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.35+0.121 


-0.97+0.62i 


1.3+0.27i 


().34-0.()4i 


-0.35+0.121 


"1 O 1 O f\f* • 

1.0+0.061 


00 f\ f\ A * 

0.28-0.041 


1 00* 

0.14^0.031 


B- 




V 


































1 


1 


X 


I 


\ 


X 


X 










-0.97-|-0.62i 


1.3+0.27i 


n 34-n 04.1 




1 04-0 ORi 


9K-0 04i 


1 4-0 03i 


n 

B°a 


-^p°u> 


VI 


-0.04+O.Oli 


-0.05-l-0.02i 


-0.06+0.02i 


-0.08+0.03i 


-0.04+O.Oli 


-0.01 


0.04-0.02i 


0.24-O.li 








]^ 


1 


1 


\ 




\ 




\ 






VI 


n 1 9-1-0 O'^i 
-0.03+0.011 


-0.14+0.04i 
-0.04-l-O.Oli 


-0.17+0.05i 
-0.05+0.02i 


-VJ . .^Ot^U. UOl 

-0.11+0.071 


1 9-1-0 O'^i 
-0.03+0.011 


1 4-1-0 Ozli 

-0.01 


17 O'^i 

0^ f\ r\ A * 

0.07-0.041 


'^l -i-O 1 1 1 

1 r' 1 00 * 

-O.lo+O.Oil 








1 


1 


1 


1 


1 


1 


1 


1 






VI 


0.05-0.021 



0.07-0.02i 




0.09-0.03i 




0.20-0. Ill 




0.05-0.021 



O 1 O C\ f\ A* 

0.12-0.041 



Z'* 1 • 

0.36-0. 19i 



000 1 ji * 
-0.33+0.041 










1 


1 


1 


1 


1 


1 


1 


1 








-0.11+0.03i 


-0.13+0.04i 


-0.16+0.05i 


-0.22+0.081 


-0.11+0.031 


-0.13+0.041 


-0.16+0.05i 


-0.32+0.121 


B- 


^ K*-uj 


VI 


-0.17-|-0.06i 


-0.22-|-0.09i 


-0.3+0.13i 


-0.64+0.411 


-0.17+0.061 


-0.26+0.111 


-0.6+0.351 


0.38-0.061 








1 


1 


1 


1 


1 


1 


1 


1 








0.1-0.03i 


0.13-0.04i 


0.18-0.06i 


0.39-0.221 


0.1-0.031 


0.13-0.041 


0.25-0.121 


-0.08 


B- 


K*-(p 


VI 
































1 


1 


1 


1 


1 


1 


1 


1 








-0.11-|-0.03i 


-0.13-l-0.04i 


-0.16+0.05i 


-0.22+0.081 


-0.11+0.031 


-0.13+0.041 


-0.16+0.051 


-0.32+0.121 
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Table VIII. Branching ratios (in units of 10 ^) averaged over CP-conjugate modes for charmless Bu,d PP 
decays. Predictions are made for fc^ = ml/2, rj = 0.370, p = 0.175, and Nf{LR) = 2, 3, 5, oo with Nf{LL) 
being fixed to be 2 in the first case and treated to be the same as Nf^{LR) in the second case. Results using 
the BSW model and the light-cone sum rule for heavy-to-light form factors are shown in the upper and lower 
entries, respectively. Experimental values (in units of 10~^) are taken from [1,38-40,44,49,55]. Our preferred 
predictions are those for Nf{LL) = 2 and Nf{LR) = 5. 



Decay 


Class 






= 2 






^f{LL) = 






Expt. 


2 


3 


5 


oo 


2 


3 


5 


oo 


+ - 


I 


11.3 


11.3 


11.4 


11.4 


11.3 


12.8 


14.0 


15.9 


< 8.4 


B°d - ttO^o 




9.49 


9.51 


9.53 


9.55 


9.49 


10.7 


11.7 


13.3 




II,VI 


0.33 


0.33 


0.34 


0.34 


0.33 


0.09 


0.21 


0.90 


< 9.3 






0.28 


0.28 


0.28 


0.29 


0.28 


0.08 


0.18 


0.75 






II,VI 


0.24 


0.26 


0.27 


0.30 


0.24 


0.13 


0.16 


0.43 


< 18 






0.20 


0.21 


0.22 


0.24 


0.20 


0.10 


0.13 


0.35 




B°, -» vn' 

^d 'I'l 


IIjVI 


0.27 


0.33 


0.40 


0.51 


0.27 


0.10 


0.14 


0.50 


< 27 


Bd ^ V'v' 




0.22 


0.27 


0.32 


0.41 


0.22 


0.08 


0.11 


0.40 




II,VI 


0.08 


0.11 


0.14 


0.21 


0.08 


0.02 


0.03 


0.16 


< 47 






0.06 


0.09 


0.11 


0.17 


0.06 


0.01 


0.02 


0.13 




B- tt-ttO 


III 


8.63 


8.63 


8.63 


8.63 


8.63 


6.82 


5.52 


3.83 


< 16 






7.23 


7.23 


7.23 


7.23 


7.23 


5.71 


4.63 


3.21 




B~ — > 7r~?7 


III 


5.92 


6.00 


6.06 


6.16 


5.92 


4.70 


3.85 


2.79 


< 15 






4.89 


4.96 


5.01 


5.09 


4.89 


3.88 


3.18 


2.30 




B- TT-r]' 


III 


3.70 


3.88 


4.07 


4.39 


3.70 


2.74 


2.09 


1.29 


< 12 






3.03 


3.19 


3.34 


3.60 


3.03 


2.26 


1.73 


1.07 




Bd -» K-7r+ 


IV 


14.0 


14.9 


15.7 


16.8 


14.0 


15.6 


16.9 


18.9 


14 ± 3 ± 2 






14.0 


12.4 


13.0 


14.0 


14.0 


12.9 


14.0 


15.7 




n 

B- -» K TT- 


IV 


16.0 


17.1 


17.9 


19.3 


16.0 


18.9 


21.4 


25.4 


14 ± 5 ± 2 






13.3 


14.2 


14.9 


16.0 


13.3 


15.7 


17.8 


21.1 




B- K-K° 


IV 


0.85 


0.91 


0.95 


1.03 


0.85 


1.00 


1.14 


1.35 


< 9.3 






0.68 


0.73 


0.77 


0.82 


0.68 


0.81 


0.91 


1.08 




VI 


5.92 


6.37 


6.74 


7.32 


5.92 


6.75 


7.47 


8.64 


< 41 






4.93 


5.30 


5.61 


6.10 


4.93 


5.62 


6.23 


7.21 




^d^KOK" 


VI 


0.80 


0.85 


0.90 


0.96 


0.80 


0.94 


1.07 


1.27 


< 17 






0.64 


0.69 


0.72 


0.77 


0.64 


0.76 


0.86 


1.02 






VI 


0.22 


0.25 


0.27 


0.30 


0.22 


0.24 


0.26 


0.29 


< 8 


B° - 




0.18 


0.20 


0.22 


0.25 


0.18 


0.20 


0.21 


0.24 




VI 


0.08 


0.15 


0.22 


0.34 


0.08 


0.07 


0.07 


0.07 


< 11 


B'd^Tfv 




0.06 


0.12 


0.18 


0.28 


0.06 


0.06 


0.06 


0.06 




VI 


0.95 


0.84 


0.75 


0.63 


0.95 


1.32 


1.67 


2.30 


< 33 






0.73 


0.64 


0.57 


0.48 


0.73 


1.02 


1.29 


1.78 






VI 


25.5 


35.1 


43.8 


58.8 


25.5 


27.2 


28.6 


30.7 


591^^ ± 9 






20.4 


28.0 


34.9 


46.8 


20.4 


21.7 


22.8 


24.6 




B- -» K-n° 


VI 


9.45 


9.98 


10.4 


11.1 


9.45 


10.7 


11.8 


13.5 


15±4±3 






7.83 


8.26 


8.62 


9.18 


7.83 


8.85 


9.73 


11.1 




B- -*K-rt 


VI 


1.57 


1.44 


1.33 


1.19 


1.57 


2.17 


2.75 


3.81 


< 14 






1.23 


1.12 


1.04 


0.92 


1.23 


1.70 


2.15 


2.99 




B- K-r)' 


VI 


26.3 


36.3 


45.5 


61.1 


26.3 


27.4 


28.3 


29.7 


74t^| ± 10 






21.0 


28.9 


36.2 


48.7 


21.0 


21.9 


22.6 


23.7 
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Table IX. Same as Table VIII except for charmless Bu,d VP decays. 



Decay 






Nf{LL) = 2 




^cff 


{LL) = 


Nf{LR) 




2 


3 


5 


oo 


2 


3 


5 


oo 




— > p tt"^ 


I 


29.6 


29.6 


29.6 


29.6 


29.6 


33.4 


36.5 


41.6 








I 


24.1 

7.39 


24.1 

7.15 


24.1 

7.14 


24.1 

7.14 


24.1 

7.39 


27.2 

8.06 


29.8 

8.83 


33.9 
10.0 


Uc+ll 1 r. 








12.8 


12.5 


12.5 


12.5 


12.8 


14.1 


15.4 


17.6 








I,IV 


1.04 


1.20 


1.34 


1.58 


1.04 


1.16 


1.26 


1.42 


< 25 








1.80 


2.08 


2.33 


2.75 


1.80 


2.01 


2.18 


2.46 








II 


0.82 


0.81 


0.81 


0.81 


0.81 


0.03 


0.33 


2.31 


< 18 








0.89 


0.88 


0.88 


0.88 


0.89 


0.03 


0.35 


2.49 








II 


0.24 


0.17 


0.12 


0.08 


0.24 


0.08 


0.05 


0.17 


< 14 








0.18 


0.11 


0.07 


0.03 


0.18 


0.08 


0.04 


0.03 






— ^ LOT] 


II 


0.51 


0.48 


0.46 


0.45 


0.51 


0.02 


0.16 


1.25 


< 12 








0.53 


0.51 


0.50 


0.49 


0.53 


0.02 


0.17 


1.37 






— >■ LOT]' 


II 


0.33 


0.35 


0.36 


0.37 


0.33 


0.01 


0.15 


1.04 


< 60 


Bd 






0.33 


0.35 


0.36 


0.37 


0.33 


0.01 


0.15 


1.04 






II 


0.05 


0.05 


0.05 


0.05 


0.05 


0.01 


0.03 


0.12 


< 13 








0.01 


0.01 


0.01 


0.01 


0.01 


0.01 


0.01 


0.02 




Bd 




II,VI 


0.02 


0.02 


0.03 


0.05 


0.02 


0.003 


0.01 


0.06 


< 23 








0.004 


0.004 


0.01 


0.05 


0.004 


0.01 


0.01 


0.02 




B- 


^p-7rO 


III 


18.5 


18.5 


18.5 


18.5 


18.5 


18.3 


18.1 


17.8 


< 77 








16.1 


16.1 


16.1 


16.1 


16.1 


15.0 


14.1 


12.9 




B- 


^p^TT- 


III 


8.09 


8.08 


8.09 


8.09 


8.09 


4.78 


2.77 


0.81 


15±5±4 








11.5 


11.5 


11.5 


11.5 


11.5 


8.10 


5.81 


3.11 




B- 


— > 


III 


7.97 


7.82 


7.72 


7.62 


7.97 


4.84 


2.92 


1.01 


< 23 








11.3 


11.2 


11.1 


11.0 


11.3 


8.16 


6.04 


3.53 




B- 


p-ri 


III 


11.6 


11.3 


11.3 


11.3 


11.6 


10.3 


9.59 


8.51 


< 32 








9.76 


9.72 


9.72 


9.73 


9.76 


8.07 


6.87 


5.25 




B- 


p~v' 


III 


7.41 


7.56 


7.71 


7.99 


7.41 


6.63 


6.04 


5.20 


< 47 








6.43 


6.63 


6.84 


7.26 


6.43 


5.21 


4.33 


3.17 




B" 


^p^K- 


III,VI 


0.48 


0.47 


0.48 


0.51 


0.48 


0.30 


0.21 


0.15 


< 22 








0.73 


0.78 


0.83 


0.93 


0.73 


0.51 


0.37 


0.21 






K*-7r+ 


IV 


4.83 


4.83 


4.83 


4.83 


4.83 


5.38 


5.85 


6.59 


99+8+4 
^^-6-5 








3.89 


3.89 


3.89 


3.89 


3.89 


4.34 


4.72 


5.32 




B- 


K TT 


IV 


5.35 


5.35 


5.35 


5.35 


5.35 


6.84 


8.17 


10.4 


< 27 








4.32 


4.32 


4.32 


4.32 


4.32 


5.52 


6.59 


8.38 




B- 




IV 


0.27 


0.28 


0.28 


0.28 


0.27 


0.35 


0.42 


0.54 


< 12 








0.22 


0.23 


0.23 


0.23 


0.22 


0.29 


0.35 


0.44 




B- 


K*-K° 


IV 


0.03 


0.02 


0.03 


0.04 


0.03 


0.01 


0.01 


0.01 










0.01 


0.04 


0.06 


0.08 


0.01 


0.02 


0.02 


0.01 
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Table IX. (Continued) 



Decay 


Class 






= 2 




Nf{LL) = 


Nf{LR) 


Expt. 


2 


3 


5 


oo 


2 


3 


5 


oo 






V 

V 




fi fini 

u.uux 


n ni 

U.Ul 


0^ 

U.UO 


0.01 


0.01 


0.05 


0.17 


\ 0.4t 


— 






n m 




n nn4 


09 

u. u.^ 


0.01 


0.01 


0.04 


0.13 






V 


U.UUo 


000"^ 


00"^ 
U.UUo 


09 

u.uz 


0.003 


0.01 


0.03 


0.09 


^ Q 

y 








n 009 
u.uuz 


0009 


009 
U.UUZ 


01 
U.Ul 


0.002 


0.003 


0.02 


0.07 




bI 


<pr]' 


V 

V 


009 


0009 
u.uuuz 


009 

U.UUZ 


01 

U.Ul 


0.002 


0.003 


0.02 


0.06 


^ Ol 








U.UUz 


U.OOUl 


A AA1 

0.001 


A A1 

0.01 


0.002 


0.002 


0.01 


0.04 




B- 


— ^ 


V 

V 


n m 


n noi 


01 


06 


0.01 


0.02 


0.10 


0.36 


< 4 








U.Ul 


n nni 
U.UUl 


n ni 
U.Ul 


U.Uo 


0.01 


0.01 


0.08 


0.29 




^0 

Bd 


_^ K*^K 


VT 

V ± 


01 






0^ 


0.01 


0.01 


0.01 


0.004 












04 


05 


07 


0.03 


0.02 


0.02 


0.01 




Bd 


K 


VT 

V 1 




n 9fi 

u.^u 


n 9fi 


n 9fi 

u.^u 


0.26 


0.33 


0.39 


0.50 












n 91 


n 91 


n 91 


0.21 


0.27 


0.32 


0.41 




^0 

Bd 


K TT^ 


VT 

V -L 


1 7fi 


1 7fi 


1 77 

J- . i f 


1 77 


1.76 


2.16 


2.53 


3.15 


<r 98 








1.11 


1 1 O 
1.12 


1 1 O 
l.ld 


1 1 >1 

1.14 


1.1 


1.32 


1.52 


1.88 




^0 

Bd 




VT 

V ± 







J. . J.O 


1 


0.95 


1.02 


1.16 


1.45 










U.9o 


1 oc 


1 AO 

1A6 


1 TO 


0.95 


1.12 


1.21 


1.42 




^0 

Bd 




VT 

V ± 


fi9 


0^ 


"lO 


9 70 


0.62 


0.28 


2.44 


9.73 


<r 57 










n in 

u. xu 


n 79 


n'^ 


0.34 


0.39 


2.38 


8.66 




— 

Bd 


— *0 

^ K r] 


VT 

V 1 




4:. ZU 


4 


^ 81 

O.Ol 


3.57 


3.83 


4.05 


4.40 


^n 

\ ou 










^ 44 


fi 49 


8 n4 

O.U4: 


4.32 


4.27 


4.23 


4.22 




— 

Bd 


^ K T]' 


V i 


U.Uo 


n 1 

U. ID 


n ^9 


1 

1.00 


0.08 


0.13 


0.16 


0.24 


^ 9n 
^ zu 








U.Ul 


n 1 4 

U. 1^ 


n '^9 


1 fi4 
l.U^ 


0.61 


0.99 


1.28 


1.80 




— n 
Bd 


— n 


VT 

V 1 


in? 

±U. 1 


7 ni 


4 fin 


1 Qfi 
i.yu 


10.7 


5.63 


2.73 


0.34 


<^ 98 
\ zo 








8 81 


7ii 


^ 78 


1 fil 

1 .Ul 


8.81 


4.62 


2.24 


0.28 




B- 




VT 

V 1 


^ 97 


^ 97 


^ 9fi 


^ 9fi 


3.27 


3.63 


3.93 


4.42 


<^ QQ 
\ yy 








O.Ul 


^ ni 

O.Ul 


"-! nn 


9 QQ 
z.yy 


3.01 


3.34 


3.63 


4.11 




B- 




V i 


n Q9 


U.40 


n ^7 

U.O 1 


n 77 


0.32 


0.24 


0.19 


0.12 


^ Ad 








U.OD 


U. ( o 


n QQ 
u.yy 


i.o4 


0.56 


0.42 


0.32 


0.20 




B- 


(j)K- 


V 1 


1 n Q 


( .00 




9 11 
Z. 1 1 


10.9 


6.07 


2.94 


0.36 


<. o.y 








Q ns 
y.Uo 


D.ZU 


/I n7 


1 7'^ 


9.08 


4.98 


2.42 


0.30 




B- 




V i 




/I /II 


c; nn 

O.UU 


Qc; 
o.yo 


3.74 


3.45 


3.24 


2.94 


<. ou 








4.48 


5.60 


6.59 


8.24 


4.48 


3.89 


3.44 


2.84 




B- 


K*-rj' 


VI,III 


0.54 


0.43 


0.65 


1.53 


0.54 


0.69 


0.85 


1.16 


< 87 








1.41 


0.53 


0.49 


1.54 


1.41 


2.00 


2.58 


3.65 




B- 




VI,III 


0.88 


0.52 


1.21 


3.90 


0.88 


0.93 


3.91 


13.2 


15l^ ± 2 








0.82 


0.88 


1.81 


4.70 


0.82 


1.44 


4.43 


13.1 
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Table X. Same as Table VIII except for charmless Bu,d W decays. 



Decay 


Class 




Nf{LL) 


= 2 




-"c 


[LL) = 


Nf{LR) 


Expt. 


2 


3 


5 


oo 


2 


3 


5 


oo 




^ P P'^ 


I 


21.9 


21.9 


21.9 


21.9 


21.9 


24.7 


27.0 


30.7 


< 2200 








35.8 


35.8 


35.8 


35.8 


35.8 


40.3 


44.2 


50.3 








II 


0.55 


0.55 


0.55 


0.55 


0.55 


0.05 


0.25 


1.57 


< 40 








0.90 


0.90 


0.90 


0.90 


0.90 


0.07 


0.41 


2.57 






— >■ LOLO 


II 


0.65 


0.55 


0.50 


0.45 


0.65 


0.07 


0.16 


1.24 


< 19 








1.04 


0.89 


0.81 


0.72 


1.04 


0.11 


0.26 


2.00 




B 


-^P-P' 


III 


17.2 


17.2 


17.2 


17.2 


17.2 


13.6 


11.0 


7.64 


< 120 








28.1 


28.1 


28.1 


28.1 


28.1 


22.2 


18.0 


12.5 




B- 


— ^ P~LO 


III 


17.2 


17.1 


17.0 


16.8 


17.2 


13.9 


11.5 


8.37 


< 61 








27.9 


27.7 


27.5 


27.2 


27.9 


22.6 


18.6 


13.5 






K*-p+ 


IV 


3.65 


3.65 


3.65 


3.65 


3.65 


4.08 


4.43 


4.99 


— 








5.86 


5.86 


5.86 


5.86 


5.86 


6.54 


7.11 


8.01 








IV 


0.88 


0.87 


0.86 


0.86 


0.88 


0.99 


1.12 


1.38 


< 460 








1.26 


1.25 


1.24 


1.22 


1.26 


1.38 


1.55 


1.92 








IV 


0.20 


0.20 


0.20 


0.20 


0.20 


0.25 


0.30 


0.38 










0.40 


0.40 


0.40 


0.40 


0.40 


0.51 


0.60 


0.77 




B- 


^ K*-p° 


IV 


3.53 


3.58 


3.59 


3.61 


3.53 


4.00 


4.40 


5.11 


< 900 








6.10 


6.14 


6.16 


6.19 


6.10 


6.87 


7.60 


8.89 




B- 


K p 


IV 


4.00 


4.00 


4.00 


4.00 


4.00 


5.11 


6.11 


7.76 










6.42 


6.42 


6.42 


6.42 


6.42 


8.21 


9.80 


12.5 




B- 


K*-K*^ 


IV 


0.21 


0.21 


0.21 


0.21 


0.21 


0.27 


0.32 


0.41 










0.42 


0.42 


0.42 


0.42 


0.42 


0.54 


0.64 


0.82 






-^p^4> 


V 


0.005 


0.0004 


0.004 


0.02 


0.005 


0.006 


0.04 


0.13 


< 13 








0.01 


0.0006 


0.007 


0.04 


0.01 


0.01 


0.06 


0.20 




^d 


— >■ iocj) 


V 


0.005 


0.0004 


0.004 


0.02 


0.005 


0.006 


0.04 


0.13 


< 21 








0.01 


0.0006 


0.007 


0.04 


0.01 


0.01 


0.06 


0.20 




B- 


P''(t> 


V 


0.01 


0.001 


0.01 


0.05 


0.01 


0.01 


0.08 


0.28 


< 16 








0.02 


0.0014 


0.015 


0.08 


0.02 


0.02 


0.12 


0.43 




^p^cj 


VI 


0.18 


0.12 


0.08 


0.04 


0.18 


0.10 


0.05 


0.02 


< 11 








0.30 


0.20 


0.13 


0.06 


0.30 


0.16 


0.08 


0.02 




^d 


—>■ K LO 


VI 


5.57 


3.06 


1.56 


0.27 


5.57 


1.93 


0.37 


0.41 


< 23 








9.97 


5.14 


2.43 


0.29 


9.97 


2.97 


0.35 


1.44 




Bd 


—^Kcf) 


VI 


8.75 


5.58 


3.66 


1.56 


8.75 


4.48 


2.17 


0.27 


< 21 








16.8 


11.0 


7.20 


3.06 


16.8 


8.81 


4.27 


0.53 




B~ 




VI 


5.65 


3.26 


1.90 


0.88 


5.65 


1.82 


0.56 


1.78 


< 87 








10.1 


5.50 


3.03 


1.38 


10.1 


2.82 


0.81 


4.21 




B- 


^K*-(t> 


VI 


9.31 


5.93 


3.90 


1.66 


9.31 


4.77 


2.31 


0.29 


< 41 








17.9 


11.7 


7.66 


3.25 


17.9 


9.37 


4.54 


0.56 
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